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FOREWORD 

This is Volume III of the final report of Task Group II of the Weapon 

System Effectiveness Industry Advisory Committee (WSEIAC).    It is sub- 

mitted to the Commander,  AFSC,  in partial fulfillment of Task Group II 

objectives cited in the committee Charter.     The final report is contained in 

three separate volumes: 

Volume I contains an overview of Task Group II findings, 

including a summary of Volumes II and III,   conclusions, 

and recommendations. 

Volume II contains a discussion of effectiveness concepts, 

a description of specific tasks required to evaluate effec- 

tiveness,   and a detailed example illustrating the method. 

Volume III contains descriptions of effectiveness analysis 

methods applied to four typical Air Force systems using 

the techniques described in Volume II. 

The niembership of Task Group II was as follows: 
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Mr.   H.   J.   Kennedy ARINC Research Corporation 
Mr.   C.   R.   Knight (Technical ARINC Research Corporation 

Director) 
Mr.   A.   J.   Monroe TRW Space Technology Laboratories 
Mr.   M.   H.   Saunders OOAMA (OONEW) 
Mr.   M.   M.   Tall Radio Corporation of America 
Mr.   H.   D.   Voegtlen Hughes Aircraft Company 

Other task group reports submitted in fulfillment of the committee's 

objectives are: 

AFSC-TR-65-1 Final Report of Task Group I 
"Requirements Methodology" 

AFSC-TR-65-3 Final Report of Task Group III 
"Data Collection and Management Reports" 
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"Cost Effectiveness Optimization" 
Final Report of Task Group V 
"Management Systems" 
Final Summary Report 
"Chairman's Fmal Report" 

Publication of this report does not constitute Air Force approval of the 

report's findings or conclusions. It is published only for the exchange and 

stimulation of ideas. 

APPROVED 

Uuiu-r^ J Ü::../L 
William F.   Stevens,   Colonel,   USAF 
Chief,  Systems Effectiveness Division 
Directorate of Systems Policy 
DCS Systems 
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WSEIAC CHARTER 

In order that this report of Task Group 11 may be studied in context with 

the entire committee effort, the purpose and task group objectives as stated 

in the WSEIAC Charter are listed below. 

Purpose 

The purpose of the Weapon System Effectiveness Industry Advisory 

Committee is to provide technical guidance and assistance to AFSC in the 

development of a technique to apprise managemert of current and predicted 

weapon system effectiveness at all phases of weapon system life. 

Task Group Objectives 

Task Group I - Review present procedures being used to establish system 

effectiveness requirements and recommend a method for arriving at require- 

ments that are mission responsive. 

Task Group II- Review existing documents and recommend uniform methods 

and procedures to be applied in predicting and measuring systems effective- 

ness during all phases of a weapon system program. 

Task Group III - Revie       ormat and engineering data content of existing 

system effectiveness reports and recommend uniform procedures for 

periodically reporting weapon system status to assist all levels of manage- 

ment in arriving at program decisions. 

Task Group IV- Develop a basic set of instructions and procedures for 

conducting an analysis for system optimization considering effectiveness, 

time schedules,   and funding. 

Task Group V - Review current policies and procedures of other Air Force 

commands and develop a framework for standardizing management visibility 

procedures throughout all Air Force commands. 
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ABSTRACT 

This Technical Supplement is concerned primarily with four examples of 

effectiveness evaluations.    The systems involved are: The avionics system 

in a tactical fighter-bomber (Example A); a squadron of intercontinental 

ballistic missiles (Example B); a fixed radar surveillance and threat 

evaluation system (Example C); and,  a spacecraft system (Example D). 

In addition to the variety of system types included,   an attempt has been 

made to illustrate procedures employed at different phases of development. 

The evaluation of the Avionics system takes place during Program 

Definition; the ICBM squadron,  during Operation; the Radar system,   during 

Definition and Operation; and,   the Spacecraft,   during Acquisition.    Since 

evaluation during the Conceptual phase will generally be based on a gross 

comparison with existing,   similar systems,   it was not felt that an example 

of such an analysis was necessary.    Further,   each example is intended to 

illustrate to a different level of detail,   various aspects of tl  • evaluation. 

The avionics system example,   for instance,   shows the possibility of com- 

bining independent evaluations of several subsystems.    The radar example 

shows simplifications which can be made in order to minimize the number of 

system states to be considered.    In the ICBM example,   illustrations of mary 

of the detailed procedures required to evaluate components of the vectors 

and matrices are shown.    Finally,  the spacecraft example addresses itself 

to techniques for determining elements of the Dependability matrix.    It is 

stressed,  however,  that these examples do not purport to illustrate  all 

possible methods of application and use of the evaluation procedures. 

Rather they are intended to show some methods for applying the concepts, 

areas of flexibility in their application,   and some uses which might be made 

of the evaluations. 
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SECTION  I 

INTRODUCTION 

Resume of Task Group II Effort 

In Volume II of the final report of Task Group II,   Weapon System 

Effectiveness Industry Advisory Committee,   a discussion of the concept of 

System Effectiveness was presented.    In addition,  a mathematical model to 

facilitate the evaluation of Effectiveness was proposed; the tasks to be 

accomplished in using the model were delineated and discussed; and a 

tutorial example showing the application of the procedures to a radar 

system was presented. 

It was appreciated by members of Task Group II that Effectiveness 

evaluation for large weapon systems is a complex task,   subject to many 

variations in detailed procedures depending upon the system type,   available 

information/data.   a.id the stage of development.    In order to provide a pre- 

liminary analysis of the utility of the methods propc  ied.   Task Group II 

applied the procedures in evaluating the Effectiveness of several hypothe- 

tical systems.    While these exercises cannot be considered to have raised 

and answered all questions that will occur during actual evaluations,  they do 

suggest some areas of difficulty and types of solutions applicable. 

Aside from providing a preliminary evaluation of the proposed proce- 

dures,  it was felt that presentation of these examples would provide the 

reader with additional comment on the application of the techniques.    For 

this reason,  they are discussed at some length in SECTION II of this 

Technical Supplement. 

In addition to the examples,   this supplement also contains two technical 

papers not generally available,  yet of interest to personnel concerned with 

Effectiveness evaluation.    These papers cc       rise the two appendixes to this 

supplement. 

Finally,   a tabulation of data sources which may be employed in the 

analysis of System Effeciveness is included as a BIBLIOGRAPHY. 

The following paragraphs present an analytical framework common to 
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the treatment of the four examples. 

Mathematical Framework 

The specific,  basic,   analytical model proposed by Task Group II in its 

symbolic form is 

E = A' ID   U 

where 

E  =   System FJffectiveness,   is admeasure of the extent to which a system 
may be expected to achieve a set of specific mission requirements 
and is a function of availability,   dependability,   and capability. 

"K =   Availability,   is a measure of the system condition at the start of a 
mission and is a function of the relationships among hardware, 
personnel,   and procedures. 

r I 
ID =   Dependability,   is a quantitative measure of the system condition at 

'      one or more points during the mission,   given the system con- 
dition(s) at the start of the mission,   and may be stated as the 
probability (or probabilities or other suitable mission oriented 
measure) that the system will enter and/or occupy any one of its 
significant states during a specified mission. 

TT =   Capability,   is a measure of the ability of a system to achieve the 
mission objectives,   given the system condition(s) during the 
mission,   and specifically accounts for the performance spectrum 
of a system. 

This basic framework is not intended to be restrictive.    This point is 

illustrated in the radar,   detection and tracking example of Volume II where 

the following variations on the basic model are illustrated: 

Ej = A* C(0) 

E, =     2     > 
3     E"    'X-   ' ^1 

In the first variation,  the system effectiveness (E.) is defined to be the pro- 

bability that the radar will adequately perform initial detection of the target. 

In this ca^e  the dependability matrix reduces to unity since "mission 

duration" is measured from the point of initial detection,  and TT applies to 

detection capability only (denoted by C(0).    In the second variation, 

E, = A   [c(O)";   :D(3ü)   Ü(30) 



; 

the system effectiveness (E  ) is defined to be the probability of initial 

detection and track for a period of thirty minutes.    In this case the 

 felgrnents of_the .detection capability vector T!J(0) become the elements of a 

capability matrix C [c(0)i        The original availability vector X and this new 

capability matrix C [C(0)|   are now rhultiplicatively combined with a depend- 

ability matrix   [D(30)J   and a new capability vector C(0) which express the 

tracking capability of the radar for a period of thirty minutes.    In the final 

variation; the'system effectiveness (E ) is defined to be the probability of 

successful track; given initial detection.    This conditional measure is the 

ratio of the two previously treated variations. 

The intended flexibility of approach is further illustrated in the avionics 

example,  which is Example A of this Technical Supplement,  where the 

following series of effectiveness measures are illustrated. 

EV - li. [D] .C^ 

E^ =  .t. Ei1) 

E      =iS1PiE
(i) 

The first measure E.     treats the effectiveness of the j      system function or 

subsystem in the i      mode of operation in terms of the basic analytical 

model.    The system effectiveness in the i     mode of operation (E    ) is then 

treated as the continued product of the E.     over the k subsystems (or 

functions) that collectively define the avionics system.    Finally,  the net 

effectiveness of the entire avionics system (E) is the sum of the effectiveness 

of the system in each of its modes of operation E      multiplied by the 

probability P. of utilizing that modr of system operation,   where m is the 

number of modes of operation. 

The common elements in these variations are availability,   dependability, 

and capability.    The precise manner in which they combine depends wholly 

upon the specific definition of system effectiveness which is to be considered. 



SECTION II 

EXAMPLES OF SYSTEM EFFECTIVENESS EVALUATION 

This section consists of four examples of effectiveness evaluation. 

The examples relate to the following systems: 

Example A - the avionics system in a tactical fighter-bomber 

Example B - a squadron of intercontinental ballistic missiles 

Example C - a fixed radar surveillance and threat evaluation system 

Example D - a spacecraft system 

As stated previously in the Abstract,   each example illustrates,   to a 

different level of detail,   various aspects of the evaluation. 

The examples do not presume to illustrate all possible methods of 

application and use of the evaluation procedures.    It is the intent of the 

examples,  however,  to show some methods for applying the concepts,   areas 

of flexibility in their application,   and some uses which could be made of the 

evaluations. 



EXAMPLE A 

AIRBORNE AVIONICS SYSTEM 
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I.   INTRODUCTION AND SUMMARY 

This example shows the application of the expression 

E = Ä|DJC 

to the avionics system of a tactical fighter-bomber aircraft, 

The evaluation proceeds by performing the analyses outlined 

in the eight-step task analysis , VOLUME II. 

The evaluation is made in this example by determining 

the Effectiveness of each of several functions of the 

avionics system for each of three mission types.  These 

figures are then combined to provide an indication of the 

overall Effectiveness of the system. 

A computer program was written for the model so that 

parameter variation was feasible.  Curves showing the 

influences on Effectiveness of variations in basic reli- 

ability and maintainability characteristics of the several 

equipments are shown. A relationship is also shown between 

the required number of systems to provide assurance of 

mission accomplishment and the effectiveness of the system. 



II.  EFFECTIVENESS ESTIMATION 

I        1.0 Mission Definition 

At any random time when an execution order is received, 

the aircraft shall take off immediately, receive a target 

assignment, proceed to target area, deliver weapon within 

500 feet of target, and return to assigned operating base. 

2.0 System Description 

2.1 General Configuration 

The system being considered consists of three major 

subsystems which are, where appropriate, sub-divided into 

equipments. 

a. Fire Control Subsystem 

* 1.  Radar (Search and Terrain Avoidance functions) 

2. Toss-bomb Computer 

3. Sight System 

b. Doppler Navigator 

The Doppler Navigator in this example is considered 

to be a single equipment. 



c.     Cormnunication-Identification-Navigation  (CIN) 

1. UHF direction finder 

2. Tacan 

3. Instrument Landing System (ILS) 

4. UHF transmitter-receiver 

5. Identification equipment 

6. Audio amplifier equipment 

The equipments itemized are independent of each other, i.e., 

the condition of any equipment does not influence the con- 

dition of any other. 

2.1.1 Functions of Equipments 

The Fire Control Subsystem is employed in actual weapon 

delivery.  It provides a radar display of the target and com- 

putation of weapon release point in the toss-bombing mode. 

It also provides, through the Sight System, the aiming point 

for "lay-down" delivery. 

In addition, the "terrain avoidance" feature of the radar- 

provides automatic control of the aircraft so that high speed, 

low level target approaches are possible.  To simplify the 

example, it will be assumed that the equipment required for 

the terrain avoidance function is separate from that required 

for the bombing function. 

10 



I 

The Doppler Navigator provides the prime navigation 

function by computing and displaying information on both 

present position and distance/heading to target. Alternate 

navigation procedures are provided by the Tacan and the UHF 

Direction Finder.  Each of these, however, requires ground 

station facilities.  If ground station transmitters are avail- 

able, operating and within range, the Tacan provides distance 

and bearing information, while the Direction Finder provides 

bearing data only. 

The Instrument Landing System (IDS) provides the ability 

to land the aircraft under ceiling and visibility conditions 

which would otherwise prevent landing. 

The UHF transmitter-receiver is the only radio communica- 

tion device, and is employed for all in-flight radio communi- 

cation. For the mission being considered, the essential 

coiKT-unication function is that of receiving and acknowledging 

target assignment information. The Audio Amplifier equipment 

is employed with the UHF transmitter-receiver only, and may 

be considered as a part of that equipment. 

The Identification equipment (IFF) provides a coded 

identification signal in response to an interrogation by 

friendly forces. Failure to provide the proper response can 

result in attack by friendly forces. 

11 
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2.2 Block Diagram 

A general block diagram of the system is shown in 

Figure 1.  The essential functions to be performed are indicated 

in the upper diagram, while the equipment(s) capable of per- 

forming the functions are shown in the lower diagram. 

2.3 Mission Profile 

A time-line analysis of the mission being considered is 

shown in Figure 2.  The upper section shows the function(s) 

being performed during various phases of the mission.  The 

lower section shows the times during the mission when the 

functioning of each equipment is desired.  Because the 

demands upon the equipments vary with the type of bomb deliv- 

ery, the requirements are shown for each of the three bomb 

delivery modes, viz., visual lay-down (VL), visual toss (VT), 

and blind toss (BT). 

2.k    Delineation of Mission Outcomes 

(A) Mission accomplished exactly as noted in (1.0) 

(B) Mission not accomplished exactly as noted in (1.0) 

(1) Aircraft does not proceed without delay. 

(a)  One or more subsystems known or thought 

to be in such state that aircraft is not 

launched. 

12 
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(2) Aircraft does not receive target assignment, 

(a)  Failure or inadequacy of one or more 

subsystems prevents receipt of target- 

assignment 

(3) Aircraft does not deliver weapon within 500 

feet of target. 

(a) Aircraft does not reach target area. 

(No weapon release.) 

(a-l)  Failure or inadequacy of one or 

more subsystems prevents reaching 

target area. 

(b) Aircraft does not identify target. 

(No weapon release.) 

(b-1)  Failure or inadequacy of one or 

more, subsystems prevents identifi- 

cation of target. 

(c) Aircraft does not place weapon within 

500 feet nf target.  (Release) 

(c-1) Failure or inadequacy of one or 

more subsystems results in inaccurate 

delivery. 

(4) Aircraft does not return to assigned operating 

base. 

(a) Aircraft lost. 

15 



(a-1.) Failure or inadequacy of one 

or more subsystems results in air- 

craft loss. 

(b) Aircraft returns to wrong base. 

(b-l) Failure or inadequacy of one or 

more subsystems prevents return 

to assigned base. 

3.0 Specification of Figures-of-Merit 

For this specific mission requirement, the major figure- 

of-merit is the probability that the mission, as defined, will 

be accomplished. 

Accomplishment of the mission, however, depends upon the 

successful performance of several individual functions.  Follow- 

ing take-off, the required functions are: 

a. Receipt and acknowledgement of target assignment. 

b. Navigation to a point not more than five miles from 
target. 

c. Proper identification when interrogated. 

d. Penetration of enemy defenses. 

e. Identification of target and weapon delivery within 
500 feet of target. 

f. Navigation to within 10 miles of assigned operating 
base. 

g. Landing. 

16 



The probability of accomplishing each of these functions 

may also be regarded as an appropriate figure of merit of 

interest to particular levels of management.  For this reason, 

each will be evaluated. 

4.0 Identification of Accountable Factors 

4.1 Tabulation of Factors 

a. Ooerational conditions 

Physical environment (climate) 

Day vs. night conditions 

Good (VFR) vs. bad (IFR) weather 

Modes of weapon delivery 

Enemy counteractions 

Actions by friendly forces 

b. Support situation 

Ground operating equipment 

Ground support equipment 

Availability and adequacy 

Test equipment 
Repair facilities 

Maintenance personnel 

Number and skill levels 
Number of shifts 

17 



Spare parts and units 

Availability 
Repair philosophy 

Kodule vs. part replacement 

4.2 Discussion of Factors 

Climate;  The evaluation is to be conducted for a semi- 

tropical environment.  The ground temperatures range from 

70 -105oF, humidity between 60-100^.  Atmospheric conditions 

which result in improper radar function are anticipated 1%  of 

the time. 

Visibility: Daylight conditions exist for Ik of the 24 

hours per day, or for 58^ of  the time. 

Bad weather (IFR) conditions exist, on the average, 20% 

of the time, night or day. 

Visibility conditions of such a nature that the Instru- 

ment Landing System is essential to safe landing exist 5^ of 

the time. 

Influc.cr- of visibility conditions on mode of weapon 

delivery:  The wea.pon delivery mode depends upon both the 

visibility conditions and the tactical requirement. Visual 

rnodcs can be used only under daylight VFR conditions.  The 

tactical requirements are such that the lay-down mode will be 
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preferred 80$ of the time.  (The decision concerning lay- 
fi 

down or toss must be made prior to take-off, since a different 

type weapon is required for each.) If toss-bombing is pre- 

farred, the visual method will be selected whenever possible, 

i.e.-, weather and daylight permitting. 

Enemy Action;  Enemy defensive action, i.e., the enemy's 

ability to destroy intruding aircraft, is such that 

1. A 30^ loss of aircraft is anticipated for aircraft 

approaching at altitudes in excess of 1000 feet 

at normal attack speed. 

2. A 5^ loss of aircraft is anticipated for aircraft 

approaching at altitudes of less than 1000 feet 

at normal attack speed. 

1 
Friendly Action;  Friendly defenses in the area are such 

that 90^ of the aircraft entering the defense area are chal- 

lenged. If electronic identification equipment in friendly 

aircraft does not respond properly to a challenge, a 0.10 

probability of destruction of the aircraft by friendly defense 

exists.  (This figure reflects the occasions when secondary 

methods of identification,e.g., visual, prevent attack on 

friendly aircraft.) 

Availability of Ground Station Equipments: 

Tacan:  It is expected that a Tacan ground station will be 

available, operating, and within range 50^ of the time. 
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UHF Ground Station: It is expected that a UHF ground 

station will be available, operating, and within range 4-0^ 

of the time. 

Ground Support Equipment;  Sufficient ground equipment 

will be provided so that no delays in repair due to this 

factor will occur.  Further, test equipment and repair 

facilities will be available and adequate to the degree that 

the mean-down-times presented in a later section are antici- 

pated. 

Maintenance Personnel:  The quantity of maintenance 

personnel of various skill levels is such that the down- 

times referred to above represent also the influence of this 

factor. 

Spare Parts/Units: All repairs to the avionics system 

are to be made through replacement of "flight-line replace- 

able units".  No in-shop maintenance is anticipated at this 

echelon.  Sufficient spare units will be provided to prevent 

logistic delays. 

5.0 Model Construction 

5.1 Delineation of System States 

Only two states of each equipment, i.e., operative and 

failed, are to be considered.  It will be observed that if 

all combinations of two states of each of ten equipments are 
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considered, more than 1000 system states are defined.  This 

situation would obviously complicate the system evaluation. 

In this case, however--and in many actual cases — simpli- 

fications can be developed.  It was noted in Paragraph 2.0 

that all equipments are independent.  For this reason, the 

Effectiveness of each equipment could be determined individ- 

ually and the resulting figures combined to determine the 

system effectiveness. Because of an interest in the effec- 

tiveness of each major function, however, this procedure will 

be applied at the "function" level rather than at the equip- 

men+ level.  Therefore, the three navigation equipments will 

i e  treated collectively, so that the eight possible combina- 

tions of the three equipment states will be considered. Also, 

the four combinations of the Radar and Toss-bomb Computer 

states will be considered. 

5.2 Operational Considerations and 
Equipment Usage 

In this analysis; two methods of weapon delivery (Toss 

and Lay-down), and two basic environmental conditions (Day- 

light or VER, and Night or IFR) will be considered. However, 

the Lay-down type delivery is only attempted during daylight 

(VFR). 
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^NOTE  No especially sericus attempt has been made to 

make tne example corapleteiy realistic.  Conditions 

and requirements have generally been selected to 

c'emonsträte procedures to be employed. 

a tim 

In Fig-are 2 were shown the several mission components on 

scale. In addition, for each of three combinations of 

■, -, . Vy mode and environmental conditions, the equipments 

reauirer durinS various portions of the missions are indicated, 

Thc\ three situations are: 

WL - Visual conditions, lay-down-type delivery 

- Visual conditions, tcss-bomb delivery 

TjmV- Blind conditions, toss-bomb delivery. 

V. 

The ^rob'bV"1:5-ties o£  accomplishing the mission in each 

Vuations will be evaluated.  The overall of the three sit^a 

Effectiveness wirf then be determined by combining the three 

figures, weightedY 'Ghe ProLabillties of occurrence of 

each situation.   \ 

5.3 SysteV^odel 

The system model Vst ^ress  the probability of success- 

- ,,  „ „i^-u., 0 „i^ciVri  as a function of (l ) the effee- fully completing a missis v ' 

, .       « ., „,,„+«„ ^A" each of the three delivery modes,. tiveness of the system foi\ ^     ' 



and (2) the probability of employing each delivery mode. 

This can be represented by the following simple model: 

where 

E = System effectiveness 

E. = System effectiveness in Mode i 

P. = Probability of using Mode i. 

The three values of Pi will be determined from consid- 

eration of tactical requirements and operational conditions. 

The values of Ei will be derived by combining the Effective- 

ness figures for each mission function, e.g., navigation, 

communication, in accordance with the requirement for each 

function in the particular mission type.  The individual 

function effectiveness figures will be computed from the 

proposed basic model: 

E = A[D]C 

Further description of the individual models will be 

presented in Section 7.0. 

6.0 Data Acquisition 

Because this evaluation is being made during the Program 

Definition phase, predictions of the several components of 
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Effectiveness will be required.  Suitable prediction tech- 

niques must, therefore, be specified. 

While several methods for predicting reliability and main- 

tainability are available, the procedures developed for the 

Aeronautical Systems Division, AFSC, by ARINC Research-'are 

appropriate for this evaluation. 

It is assumed that estimates of the basic capabilities 

of the various equipments have been made by individuals who 

are expert in regard to specific equipment typess  This is 

a reasonable assumption, since it generally cannot be expected 

that one individual will be sufficiently experienced in all 

areas to make such estimates independently. 

7.0 Parameter Estimation 

7•1  Basic Equipment Characteristics 

The prime purpose of this example is to illustrate a 

procedure for evaluation of Effectiveness. While the pre- 

diction of the basic components of Effectiveness for any 

y   H. Balaban & A. Drummond, "Prediction of Field Reliability 
for Airborne Electronic Systems", ARINC Research Publica- 
tion No. 203-1-344, 31 December 1962. 

G. Harrison, H«. Leuba, & E. Schneide^, "Maintainability 
Prediction - Theoretical Basis and Practical Approach" 
(Revised), ARINC Research Publication No. 267-02-6-420, 
31 December 1963. 
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: 

equipment is certainly basic to the evaluation, a detailed 

description of the application of reliability and maintain- 

ability prediction techniques will not enhance this example. 

For further discussion of these procedures, the reader is 

referred to the list of references. 

For the purposes of this example, assume that reliability 

and maintainability predictions made in accordance with the 

procedures specified resulted in the individual roean-times- 

between-failures (t„) and the mean-down-time (t,) shown in 

Table I.  Further, the State Readiness figure, V-,,-^ is 

calculated from 

tf 
1 - tf + td 

The probability that the equipment is not ready, i.e., is 

in State ö, is 

V = 1 - V v0  x  vl 

The basic Capability indices will be discussed in 

Section 7.4. 

2/ The subscript notations "1" and "0" will be employed 
throughout this example to indicate respectively, operative 
state and failed state.  Where the individual states of 
several equipments determine functional states, e.g.. 
Navigation, an alphabetic and numeric subscript will be 
employed.  For example, the situation in which the Doppler 
and the Direction Finder are each in State 1 and the Tacan 
is in State 0 is identified as N-. 
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TABLE 1                             1 

i           Reliability, Maintainability, and 
State Readiness Indices 

!  Equipment 

Mean-time- 1 
between- 
failure—t„ 
(hours) 

Mean-dovm- 
time—t, 
(hours) 

Vl 
vo  j 

Radar 
Bombing 
Terrain 

i   Avoidance 

32 
40 

6 

8 

0.842 

0.833 

0.158 

0.l6r 

Toss-bomb 
Computer (TBC) 

20 4 0.833 0.167 1 

1 Sight System 2c: 2 0.990 0.010  1 

1 Doppler 20 15 0.571 0.429 

Direction 
Finder (DP) 100 2 0.980 0.020 

Tacan 50 4 0.926 0.074 1 

Instrument Land- 
ing System 
(XLS) 

150 3 0.980 0.020 

Communication 
1   Equipment 

(UHF & 
Amplifier) 

70 2 0.972 0.028 

Identificati.u 
1   Equipment (IFF) 100 3 |  0.971 j 0.029 
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7.2 Determination of Availability 

In this example, two factors v;ill be considered in 

establishing the Availability vector. 

V = The probability that an equipment (or group of 

equipments) is in a particular state of readiness, 

and 

W = The probability that an aircraft vrill be launched 

with the equipments in a- particular state of 

readiness. 

These tvro factors will be discussed in the following 

sections. 

7.2.1 State Readiness 

Except for the Navigation function and the Blind-Toss 

Bomb function, the state readiness for each function is 

defined by the state readiness of the equipment performing 

that function.  Therefore, with the two exceptions noted, the 

state readiness figures, V-,, are as shown in Table I. The 

exceptions are discussed below. 

(a) Navigation Equipment 

Considering two possible states of each of three naviga- 

tional equipments results in eight (8) different states of 

the overall navigational system. These are defined in Table II. 
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TABLE n 

Navigation System States 

Navigational 
State 

Designation 

Doppier 
State 

Tacan 
State 

Direction 
Finder 
State 

Nl 1 "l 1      1 

N2 1 1 0      | 

N3 
1 0 1 

N4 0 1 1 

N5 
1 0 0        ! 

N6 0 1 0 

N7 0 0 1 

1    N8 0 0 0 

The Navigational state readiness figure may be deter- 

mined by multiplying the probabilities that each of the 

tt.-ee equipments will be in the prescribed state. For 

example, 

VN = vo(DoPPler) " V1(Tacan) • V1(DF) 

= 0.429 x 0.926 x O.980 

= O.389. 

The probability that the combined Doppler-Tacan- 

Direction Finder group will be in each of the eight defined 

states is: 
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State 
Number 

(0.571)(0.926)(O.980) = 0.518 

(0.571)(0.926)(0.020) = 0.011 

(0.571)(0.074)(0.980) = 0.041 

(0.429)(O.926)(O.98O) = 0.389 

(O.571)(O.074)(O.02O) = 0.001 

(0.429) (O..926) (0.020) = 0.008 

(0.429)(0.074)(O.980) = 0.031 

(0.429)(0.074)(0.020) = 0.001 

(b) Blind-Toss Bombing Equipment 

As in the case of the navigational system, multiple 

states exist for the Blind-Toss Bombing functioh. The four 

possible states are defined in Table m. 

1                TABLE m 

Blind-Toss System States       | 

i Blind-Toss 
j   State 
S Designation 

Radar 
State 

Toss-Bomb  | 
Computer   | 
State    I 

Bl 

B2 

B3 

j   B4 

1 

1 

0 

0 

1      | 

0         ! 

1 

0 
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The probability that the combined Bombing Radar-Toss 

Bomb Computer group will be in one of the four states is 

State 
Number 

YB1 = (0.842) (0.833) = 0.-701 

VB2 = (0.842)(O.167) = 0.141 

VB^ = (0.158)(0.833) = 0.132 

VB2, = (O.I58) (O.I67) = 0.026 

7.2.2 Probability of Launch 

We shall now consider the fact that launch will not 

always be precluded because a particular equipment is not 

ready.  Since in many cases, some bombing capability exists 

even with inoperative equipments, the possibility of launch- 

ing aircraft in degraded states should be considered. 

Estimates of the probabilities of launch for various equip- 

ment states are assumed to be as shown in Table IV. 

7.3 Determination of Dependability 

The next step in the evaluation procedure is to deter- 

mine the state transition probabilities for each equipment 

during the mission. Because no in-flight repair is possible. 
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\                                                       TABLE IV 

Probabilities of Launch 

i   Equipment      | State    j 
Probability 
of Launch(W)   | 

j For All Mission  1 
i  Type 

Radar (Terrain 
Avoidance) 

1 
0 

1.0 
0.0         j 

1   Communications 1 
0 

1.0 
0.0       i 

Identification 1 
0 

1.0 
0.2         j 

Landing System 1 
0 

1.0         j 
0.95      j 

Navigation 

N, 
Nii 
N5 

N7 N8 

1.0 
1.0 
1.0 

0.8       1 
0.0        i 
0.0 
0.0        j 

| For Lay-doip 
i  Delivery.*/ 

1   Sight System l 
I         o 

1.0 
i      0.8       | 

For Visual TossV 

I         Toss Bomb 
|    Computer 

\         i 
\         0 

i.o      1 
I      0.7 

f For Blind Toss^/ i        Bi 

\             BjJ 

!            i.o              i 
0.5 
o.o      i 

j     0-0     1 

V/ Condition of Bombing Radar and TOSS Bomb Computer not 
significant. 

-t Condition of Bombing Radar and Sight System not significant, 

2/  Condition of Sight System not significant. 
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no transition from State 0 to State 1 is possible (RQ-,-0). 

For the same reason, an equipment which starts in State 0 

is certain to remain in that state during the flight 

(Roo=1.0).  The remaining transition probabilities may be 

determined from: 

(a) R^ = e-tm tf 

where 

t = mission time during which equipment will be 
m  in operation, and 

t« = mean-time-between-fallures. 

(b) R10 = 1 - fin 

These probabilities are shown in Table V. 

7.4 Determination of Capability 

The remaining parameter to be determined is the Cap- 

ability for each of the functional equipment groupings. The 

capability figures will be discussed in the following for 

each of these groupings. 

a.  Navigation Equipment 

The aircraft must be able to navigate to within 5 miles 

of the target by use of the Navigation equipment; from this 

point, target identification can be accomplished by other 
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1                        TABLE V 

Equipment Transition Probabilities                 | 

)   Equipment 

Mean-time-   j 
between- 
failures--tf 
(hours) 

Mean-down- 
time—t- 
(hours) 

Rll R10 

Radar 
1   Bombing 
1   Terrain 
1    Avoidance 

32 

40 

0.4 

0.4 

o.9876 

0.9900 

0.0124 

0.0100 

j   Toss-bomb 
[   Computer (TBC) 

20 0.3 0.9851 0.0149 j 

ji Sight System 200 0.2 0.999 0.001 

1 Doppler 20 1.2 0.9418 0.0582 1 
ij Direction 
1   Finder (DF) 

100 1.2 0.98&1 0.0119 

| Tacan 50 1.2 0.9763 0.0237 
| Instrument Land- 
1   ing System 

(ILS) 
150 0.3 C.998 0.002 

1 Comm\inication 
1   Equipment 
\         (UHF & 
|   Amplifier) 

70 0.4 0.9943 0.0057 

I    Identification 
1   Equipment (IFF) 100 1   1'2 0.9881 0.0119 



methods.  On its return flight, it must be able to navigate 

to within 10 miles of its assigned base.  While the navi- 

gation function can be supplied by three different equip- 

ments ,, the capability of each is different.  The Doppler 

has a basic capability (0) of 0.955 "the Tacan, 0.9; and 

the DF, 0.8.  That is, the Doppler navigator can provide 

the required accuracy with a probability of 0.955 "the 

Tacan, with 0.9 probability; and the DF with 0.8 probability. 

However, because the Tacan and DF depend upon external 

signals from associated ground equipment, the probabilities 

that these signals will be available must also be considered. 

This can be most easily accomplished by modifying the equip- 

ment Capability figures.  While the Doppler can be used 

at any time that it is operating properly, a Tacan ground 

station will be available only 50^ of the time, and a DF 

ground station, only k-Ofo  of the time. 

The actual capabilities for each equipment, then, are: 

CDopp.ler = 0-95 

CTacan  = 0'^0^  = 0'^ 

CDp   " = 0.8(0.4) = 0.32. 
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Consideration must now be given to the overall Naviga- 

tion Capability in each of the eight (8) states of the 

navigation system. It is significant that the aircraft is 

not committed to any particular state situation.  That is, 

if a state transition occurs, navigation in the resultant 

state will be undertaken.  The capabilities are shown in 

Table VI. 

TABLE VI 

Navigation Equipment Capabilities 

Navigation j 
State    j 

Doppler 
State 

Tacan 
State 

DF   j 
State 

State 
Capability 

Nl 1 1 1  | :  0.95 
N2 1 1 0   j ! 0-95 
N3 

1 0 1 0.95 
N4      | \         0 1 1   | o.6i 

N5 
1 0 0 0.95 

N6 i   o 1. 0 0.45 

1   NT j    0 0 1 1  0.32 

|  N8 1   0 
0 0 0 

The capability of each state is usually the capability 

of the operating equipment whose individual capability is 

highest. In the case of State 4, however, the probabilities 

that the ground stations for Tacan and DF will be available 

must also be considered.  The capability of State h,  then, 

is: 

C.  = [Probability that Tacan can be used]fTacan capability]+ 
!  (Probability that only DF can be usedj[DF capability] 

= (0.5)(0.9)+(l - 0.5)(0.4)(0.8) 

= 0.45 + 0.16 

= 0.61. 
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b.  Communication Equipment 

For this particular mission, the communication function 

is only required so that specific target assignment can be 

made or changed after the aircraft has taken off.  It will 

be assumed for this example that specific assignments are 

always made when the aircraft is in flight. 

The communication function is supplied by the UHF 

Transmitter-Receiver. A necessary accessory equipment is 

the audio amplifier. Assuming a properly operating ground 

station at the base, contact between the aircraft and the 

base can be maintained, under average environmental conditions, 

for the first 1/3 and for the last 1/3 of the mission. 

(During the remaining 1/3 of the mission the aircraft is not 

within communication range of the ground station.) It is 

estimated that in 90%  of the cases specific target assign- 

ments and  changes will be made before the aircraft is out of 

range. In the remaining 10^, an unsuccessful mission will 

result. 

It is estimated that environmental conditions and diffi- 

culties with the ground station equipment will prevent 

required communication 5^ of the time when the aircraft is 

within range of the base.  These effects will be reflected 

In the capability figure for the airborne system. 
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The capability of the Communication System, then, is 

expressed as the probability that target designation and/or 

change is received and acknowledged by the aircraft, 

C,, = (probability of successful communication, 
given the aircraft is within range) x 

(probability of being within range when 
message is transmitted) 

In State 1 (subsystem operative), 

cTT = (o.95)(o.90) = 0.855. 
ul 

In State 0 (subsystem failed), 

C  = 0- u0 

c. Identification Equipment 

During the mission, the aircraft—if not able to 

identify itself properly--is in danger of being attacked 

and destroyed by friendly forces.  The Identification Equip- 

ment (IFF) provides the identification function. It has 

a State 1 capability of 1.0. That is, in all cases, a prop- 

erly operating subsystem will respond properly to a friendly 

challenge and the aircraft has a probability of 1.0 of sur- 

viving friendly defense. 

Destruction of the aircraft is not certain, however, 

even when this subsystem is in State 0. This fact can be 

conveniently accounted for in the State 0 capability figure. 
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The aircraft will survive If: 

(a) it Is not challenged, or 

(b) It Is challenged, but not destroyed. 

CT = Probability { no challenge ] + 
o Probability (challenge] x 

Probability [not destroyed] 

= (0.1) + (0.9)(0.9) 

= 0.1 + 0.8l 

= 0.91. 

d. Terrain Avoidance Equipment 

The Terrain Avoidance function of the radar is the only 

avionics equipment that contributes to the penetration ability 

of the aircraft. This equipment permits flying the aircraft 

at normal attack speeds at low altitudes, i.e., below 1000 

feet. Without this equipment, such low-level approaches are 

not possible. It will be recalled that the anticipated loss 

due to enemy action was 5?^ for low altitude approaches and 

30^ for high altitude approaches. This might also be stated 

as 0.95 probability of survival for low altitude approach, 

and 0.7, for high altitude approach. 

Atmospheric conditions which result in improper radar 

returns are anticipated 1%  of the time. This condition is 

reflected in the Terrain Avoidance radar basic capability of 

0.99. 

38 



The penetration capabilities (the probability of penetra- 

ting enemy defenses),  when the effectiveness of enemy action 

is considered, are: 

State 1- - Terrain Avoidance function operable 

Cp = (Probability that radar permits low approach) x 

(Probability of survival, given low approach) + 

(Probability radar does not permit low approach) x 

(Probability of survival, given high approach) 

= (0.99)(0.05)+(O.Ol)(0,70) 

= 0.9405 + 0.007 

- 0.9475. 

State 0 - Terrain Avoidance function inoperable 

Cp = Probability of survival, given high approach 
0 u = 0.70. 

e.  Target Identification and Weapon Delivery Equipment 

The target can be identified either visually or by 

means of the radar equipment.  The method of identifying the 

target will be visual if the delivery method is "visual", 

and by radar, if the delivery method is "blind". 

The ability to deliver a weapon within 500 feet of an 

identified target is dependent upon the mode of delivery and 

the equipment states.  For this example, it is assumed that 

the probabilities of delivery within the prescribed 500 feet 

have been estimated for the indicated states and delivery 

modes.  These probabilities are shown in Table VII. 
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TABLE VII 

Delivery Capabilities by Mode and State 

Delivery 
i   Mode 

Mode 
State 

1 

Radar 
j State 

Toss-Bomb 
Computer 
State 

Sight  | 
System 
State 

Capabilities 

Lay-down Ll i  n.a. n.a. 1 0.90     | 

Lay-down L0 n.a. n.a. 0 1   0.70    | 

Visual 
\    Toss Vl 

1  n.a. 1 n.a. 0.80 

Visual 
Toss Vn n.a. 0 n.a. 0.60 

T Blind 
Toss 

1 

Bi 
B2   1 

B3 
B4 

1 

1   1 
1   0 

0 
1 

1 

0 

0 

n^a. 

n.a. 

n.a. 

n.a. 

0.75     1 

!   o.4o    \ 

0.0 

0.0 

1   n.a. = not applicable                                    ! 

f.  Instrument Landing Equipment 

The instrument landing system (ILS) when functioning 

properly has a capability of O.99.  That is. a landing with- 

out damage to the aircraft or injury to the pilot can be 

made 99^ ot  the time.  In weather during which this equipment 

is not required, however^ the probability of successful land- 

ing is 1.0. 

40 



Recalling that visual landing procedures are possible 
^>- 
^    95^ of "the time, the probability of successful landing if 

the ILS is operable is: 

Cm = (Probability of visual landing) x 

(Probability of successful landing under visual 
conditions) + 

(Probability of ILS landing) x 

(Probability of successful landing under ILS 
conditions) 

= (0.95)(1.0)+(0.05)(0.99) 
= 0.95 + 0.0495 

- 0.9995- 

If the ILS is not operable, no capability under ILS 

conditions exist, and the overall landing capability is 

Crp = (o.95)(i.o)+(o.05)(o) 
0 = 0.95. 

8.0 Model Exercise 

8.1 Effectiveness of Individual Functions 

With all of the basic parameters now available, the 

individual Effectiveness figures for each mission function 

can now be determined.  The probability of performing each 

required mission function will first be determined.  These 

probabilities, since they are independent, will then be com- 

bined to establish the mission effectiveness. 

I 
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a.  Communication 

Ec = Ac[Dcl' 

Voj 
W,     0 

L0    woJ 

1.0    0 
[0.972   0.028]I I 
L J L 0     0 J 

'Dc]: 
D
ll     ^O;    _     0.99^3     0.0057 

LD01    D00j        1° 1.0 

cc = 
LC0 

r O.855 

0      J 

Ec = 0.8265 
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-' 
b. Navigation 

% = ^[DNpN 
w. 

Lw. 
-w, 

3W1 
wr 

^w. 
'w, 7- Wr 

=   f.318  .011  .041 .389  .001  .008  .031 .OOl] 

w- 
D11 D^ . . . Dl8 

D21 D22 . . . D23 
V-*     • • t ■   • 

• • • • ■   • 

• t • • •  • 

D8l D82 ' • * r) 88 

1.0 
1.0 
1.0 
0.1 
0.8 

0 

In this matrix, the following elements, for example, are 

computed from: 

"la ■ \x \x Xo 
D35 - % DI>F10 

D-r = 0 (Transition from State 3 to State 6 is not J36 possible.) 
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where subscripts D,  T, and D? represent respectively, 

Doppler, Tacan, and Direction Finder. 

W= 

.9085 .0109 .0220 .O56I .0003 .0007 .0014 .0000 

0   .9195 0   0   .0223 .0568 0   .0014 
.9306 0    .0112 0    .0575 .0007 
0   .9647 0   .0116 .0234 .0003 
0   0   .9418 0   0 .0582 

000   .9763 0 .0237 
0000   .9881 .0019 
0    0    0    0    0   1.0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

CN = 

rci '0.95] 

C2 
0.95 

C3 0.95 
C4 

0.61 
C5 

ä 

0.95 

|c6 0.45 
C7 

0.32 

LC8 0 

% = 0.5537. 
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c. Identification 

Ei ^[VA 
iw.    0 ;i.o   o 

h-[^o][: Vor[^   M[0  , 

H 
Dii r)io 

^Ol Doo 

.9881     .0119 

0        1.0 

CI = 
LC0J 

1.0 

.91 

' 

Ej = 0.9751 

d.     Penetration 

EP - W? 

fDp]= 

vlv 0 0 
1 0 

WQJ 

Dll    D10 = 

.D01   I)oo. 

"cl" ".9^751 

-C0. • ro 

=  .833  .167] 

.990    .010 
0      1.0 

1.0    0 

0       0 

CP = 

Ep = 0.7875 
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e.    Landing 

S = [vivol 
Wl    0 

0 wo-i 
.980     .020 

1.0    0 

. 0      -95 

N=L 
rD11 D10I,   r.998   .002" 

L-01     "00 J 0 1.0 

rci i 
CT =          ; .= 

.9995 

..95 

>1 

ET = 0.9975 

Weapon Delivery 

Lay-down Mode 
EL = V[DL]CL 

. Tw,   0 "■ 

AT =   ViV-.!    J-           =    .990    .010 
L0    wo-! 

1   J   L^i   Doo. 

.999   .001: 
I 
1 

0         1.0    J 

-  rc.i r.901 

wC0j      L-70- 

EL = 0.8c 6k 

1.0       0 

0     0.8 

46 



Visual Toss Mode 

rw,   o '1.0       0 

;V 

\'- 

cv = 

11 

lVlV0J Lo     w0J 

■Dii   Dio' 

rci" = r-801 

\.C0J     L.60J 

'.833    .167J; 

r.9851      .0149" 

Lo        1.0    J 

0    0.7. 

^ = 0.7342 
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Blind Toss Mode-' 6/ 

^^B]
0 
B 

AB = [vivo] [ 
wl 

0 

0 ■ 

=  [(.842)(.833) 

r 

(.842)(.167)] 

r 

=   [.701    ,l4l]   j 
1.0     0 ' 

0     0.5 

Sh 'Dii   Dio" 

^Ol    D00- 

= 
"(•9876) (.9851) 

c 

(.9876) (.0149)" 

(.9876) 

".9729   .0147] 

_o          .9876 
1 
J 

V II 

H
       CVJ 

L                   J
 

r.7 
[.A 

5' 

0 

"1.0  0 

Eg = 0.5439 

6/ Because the Capability in States 3 and 4 is zero, 
these states need not be treated explicitly in the 
computation. 
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^•2 Effectiveness for Individual Mission Types 

The individual functional effectiveness figures may now 

be combined to evaluate the system effectiveness for each 

mission type. 

Lay-down Delivery Mission (E-,) 

El = ^EC EI EN ET EP^ EL 

= [(.8265)(.975l)(.5537)(.9975)(.78T5)] .8964 

= (.3500)(.8964) 

= 0.3142 

Visual Toss Delivery Mission (Ep) 

E2 = (EC ^ ^ ET Ep) ^V 

= (-3500)(.7342) 

= 0.2574 

Blind Toss Delivery Mission (E-) 

E3 = ^EC ^ ^ ET Ep) EB 

= (.3500)(.5439) 

= 0.1907 

8.3 Overall System Effectiveness 

The single, overall system effectiveness figure is now 

obtained from 

E = E1P1 + E2P2 + E3P3 
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where P-,,  P.p> and P_ are the probabilities that each 

mission type will be flown. 

P, (probability of Lay-down Delivery) = (Probability of daytime 
1 mission) x 

(Probability of VFR 
conditions) x 

(Probability that Lay- 
down Delivery is pre- 
ferred) 

= (.58)(.8)(.8) 

= 0.3712 

P„(probability of Visual Toss Delivery) = (Probability of day- 
^ time mission) x 

(Probability of VPR 
conditions) x 

(Probability that 
Toss Bombing is 
preferred) 

= ( 5S)(.8)(.2) 

= O.0928 

P^,(probability of Blind Toss Delivery) = (Probability of night 
■^ mission) + 

(Probabilitv of IPR 
conditions) - 

(Probability of night 
mission and IPR 
conditions) 

= A2  + .2 - (.42)(.2) 

= 0.536 

E = (.31^2)(.3712)+(.2574)(.0928)+(.1907)(.536) 

=0.2427. 
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8.4 Application of Model Results 
«6 
i 

It was stated in the introduction that this evaluation 

was being performed during the Program Definition phase, and 

that Force Structure, i.e., the number of systems required 

to accomplish a specific mission, was of prime concern. 

^ It can be shown that if one system has a probability, E, 

x of accomplishing a mission, the the probability that at least 

one of N systems will accomplish the mission (S) is: 

S = 1 - (1-E)N 

In order to determine the number of systems required to 

attain a fixed value of S for a particular value of E the 

equation may be written: 

N  lnjl-S) 

Figure 3 shows this relationship for S values of 0.95 

and 0.90.  That is, any point on the 95$^ curve shows the 

number of systems of effectiveness E that would be required 

to provide 0.95 assurance of successful mission completion. 

Considering the upper curve, note that for the System 

Effectiveness of 0.24 computed in the previous section, 

eleven (11) systems would be required to provide a 0.95 
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assurance of a successful mission.  If the Effectiveness 

could be raised to 0.4, six (6) systems could provide the 

same assurance.  A question that might be asked, then, is 

"What is the optimum method for attaining the required 

assurance of mission success?" Should the expected Effec- 

tiveness be accepted and the required quantity of aircraft 

be obtained; or should efforts be made to increase the 

Effectiveness so that fewer aircraft would be required? 

No effort will be made here to treat optimization pro- 

cedures in general. The reader is referred to the report 

of Task Group IV for this purpose. However, an elementary 

procedure that might be employed in the initial trade-off 

analyses is described in the following. 

While the many inputs to the model represent the 

effects of a wide range of influencing factors, assume that 

the analysis being performed during this particular phase 

of Program Definition is concerned only with those factors 

over which the hardware designer has some degree of control. 

These are essentially the capability, the reliability, and 

the maintainability of each equipment. If each of these 

factors is varied over some pre-determined range and  the 

resultant Effectiveness figures computed, an indication of 
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the areas of high potential pay-off will be available. 

This procedure was followed in this example for the reli- 

ability and maintainability characteristics. The calcula- 

tions described in the preceding sections were repeated for 

six values of mean time between failures and five values of 

mean down time for each equipment. Utilization of even modest 

computing equipment makes this procedure completely feasible. 

Figures 4 and 5 show the results of these analyses. 

An initial examination of these figures shows that the 

influence on Effectiveness of a given percentage change in 

either t- or t, will be greatest for the Doppler, followed 

by the Terrain Avoidance Radar, the Bombing Radar, the Toss 

Bomb Computer, etc.If 

These results would initiate a re-examination of the 

reliability and maintainability predictions for the equip- 

ments in the order listed. Some criteria against which 

1/  In this relatively simple example, these results might 
:?eem to point out the obvious, e.g., that the Doppler 
could have been recognized from Table I as the major 
problem area. Note, however, that the mean-time-between- 
fallures (tf) for the Computer is equal to that for the 
Doppler. Had corrective actions been based only upon the 
tf figures and equal efforts accorded these two equip- 
ments, the improvement in Effectiveness per unit of effort 
would have been considerably less than had the major 
effort been applied to the Doppler. 
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possible changes In the equipments might be weighed are 

now available.  For example, a ^Ofo  reduction In mean-down- 

time for the Doppler-would be equivalent to reducing the 

number of aircraft required for a successful mission from 

11 to 9j or  a force reduction of about lQ%.     An approxima- 

tion of the projected savings to be realized by such a 

reduction can then be weighed against the costs to be 

incurred in decreasing the down-time by 50%. 
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EXAMPLE  B 

INTERCONTINENTAL BALLISTIC MISSILE SQUADRON 
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1/ 
I. IITTRODUCTIOri MD SUI.fl'lARY 

It is the specific object of this docupnent to provide an example of the 

analysis of an ICBI-I fleet which will illustrate the formal mathematical 

structure adopted hy Task Group II of the WSSLAC. Symbolically, this 

structure is given hy 

E = Ä' [D] C (1) 

where 

E is system effectiveness 

A is the readiness vector and A' is its transpose. 

[D] is the dependability matrix. 

C is the design capability (performance) vector. 

The point of view -which is adopted here is that the evaluation and/or pre- 

diction of system effectiveness is the result of the interaction of 

Weapon system criteria 

liission descrtotion * — 

Weapon system description 

Because the IC3M fleets have reached the acquisition and operational phases 

of system life,  this memorandum does not reflect the application of models 

in the conceptual and program definition phases of system developicmt.    This 

is perhaps unfortunate since hindsight frequently has the quality of 20-20 

vision,    nevertheless,  it is felt that this document vail prove moeu useful 

if it is concentrated on methods and techniques for current ari future weapon 

system evaluation    and improvements.     Therefore,  we shall limit the dis- 

cussion on the role of models in the various phases of system life to the 

following brief remarks. 

1/   The material presented in this example is an abstraction from 
■A Compendium of Atlas-Sponsored Developments in Reliability 
and Availability. " Vol.  I,  AD 420882; Vol.  II.  AD 420883; and 
Vol.  Ill,  AD 420884. 
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A system evolves through four relatively distinct phases, nancly: 

conceptual phase 

. program definition phase 

acquisition phase 

;• operational phase 

In the conceptual phase, feasihility studies are conducted to test the aoility 

of the current state of the art to support the proposed systen develop:Knit. 

Out of this phase a set of specific operational recjuirerasnts evierjes. 

Ihe program definition phase continues the feasibility studies, pinpoints 

potential problem areas, and results in a firm system descriptlor. to the : :■.?.; or 

subsystem level. This phase terminates '..rith a set of firi.i systom specifica- 

tions which initiates the acquisition phase. 

In the acquisition phase system hardware is designed, developed, and tested. 

System production initiates the operational phase. 

The precise manner in which a model is implemented in any of these phases 

depends upon the point in time at which the evaluation is made. Consider, 

for example, the problem of designing a launch vehicle for an information 

retrieval spacecraft in 1965» Specifically, let the problem be to determine 

the feasibility of achieving a certain reliability of countdown-and a certain 

reaction time consistent with a narrow launch window. 

A countdown may be regarded as an event during which the vehicle and its 

launch conple:: act as a single unit. There are two properties of a countdown 

of particular interest here. 

. the probability of completing a countdo-m. 

. the duration of a countdown in excess of scheduled time. 
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Vfe may express these two properties as 

p^t:t] = p ,[-] P rt/cdl 

vrhere 

P ^["1 = probaoility of eorrrpleting a co-untdo'.m without regard 

for its duration (no aborb). 

P ,[t/cd] = prohaMlity that a countdovm will exceed the scheduled 

countdown d-uration hy t or less; given that the 

countdown is conpleted. 

During the feasibility studies of the conceptual phase, gross generic data 

would he utilized from all available sources. For exaniple, Al© data on 

Atlas D development launches might he used without much regard for the finer 

differences in hardware or procedures between the Atlas D and the proposed 

system. 

Once the feasibility has been established and the program definition phase 

is well along, a second look at the system is taken. The system is now 

fairly well defined to the subsystem level, but there is still no actual 

hardTOre from which to obtain data, so the Atlas D data would again be used; 

except that now that data would be examined at the subsystem level and all 

non-relevant data rejected. 

During the acquisiöion phase, the scope of modeling would be e:rtended to the 

piece 'part level using generic failure rate data. The system data on the 

Atlas D launches would no longer be useful since the structure of the model 

is now far more detailed than in the preceding phase. 

Toward the end of the acquisition phase and in the early part of the 

operational phase, a considerable body of subsystem test data 

tends to accumulate. Daring this time period the model structure will tend 

to simplify again in a direction which can accept subsystem data rather than 

piece part data. Finally, after a sufficiently large number of operational 
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units are in existence, the model structure tends to simplify to the gross 

System level, although the detailed subsystem and piece part models will 

still play a part in assessing proposed system alterations at those levels 

of detail. Thus, "broadly speaking, there are three levels of model structure 

gross system model 

subsystem model 

. piece part model. 

In the present docuinent we shall illustrate these three levels in some de- 

tail for an IC31I, with the understanding that their degree of aiD-olicahility 

depends upon which phase of system life is under consideration. 

The system which has heen chosen for illustration in this example is a 

squadron of ICBii's consisting of nine launch sites with one missile per site. 

The squadron is treated as an entity without reference to its interface with 

other strategic weapons or possible enenv counter measures. The lowest level 

of consideration is a subsystem, as opposed to a lesser aggregate of equip- 

ment, except in the case of the re-entry vehicle for which a piece part 

reliability model is developed. Redundancy is illustrated in this latter 

model. 

The maintenance policy is a combination of scheduled maintenance, continuous 

monitoring, and a fortuitous implementation of TCTO's performed at the sub- 

system level. The tests are not assumed to he either accurate or complete. 

Repair, if it is required, is accomplished by remove and replace at the sub- 

system level. It is assumed that one maintenance crew tends all nine missile 

sites so that queuing can occur, but transportation lag time is not accounted 

for. Spares provisioning is r.ssvu;ied to be adequate and uo administrative 

do-m tine occurs. 

Several figures of merit arc illustrated coiaraencing with the highest level 

figure defined as "the ejected number of targets destroyed per squadron when 

an e::ecution directive is received at a random point in time." Among lesser 
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figures of merit considered are; 

relative subsysteni rani: oy reliability in^.icoG and 'node of 07?oration, 

relative subsysten ranlting by availr'oility. 

Both true and ccpparent availability arc considered at a rar.do'i "ooint ia ti' ;: 

and as a function of '.'arnliiü tiMO.  Countdc'rn reliar.lli;;" is cousidji'ed .'.a 

terns of reaction tine and success ratio. 

Repair of aborts during a tactical situation is treated accrjuntin-:; for a 

livoi'ted spares provicioniny. ßysto;". ca-r-ability is definad in tcr T; O:."' yi- 

dance accva^acy,'."arhsad lethality, and a yivcn tarjotiaa ;;olicy. 

An 8.O.R. for -the sruadron is postulaoed. lloruir«; icnts arc placed ca rcadi- 

-ncGOf   launch reliability and reaction tine, fliybi rc';.i::Mlit;.', and uni'c 

bill probability, /jialyticaa nodcls reflecting tae :7i_aa,3:; of acrit defined 

above arc dGVclo_ ed for the squadron by sit:; and subs/st;: ■.,  It :".s,as3r;:ed 

that during the av.'ste"..: acruisitioa and early operational p'.a.ces, a bo.y of 

data has been obtained as a result of sycta..; and subsyster tests. R.aiajions 

are developed for proccssiny this data into numerical csii:. a.tcs of the inodel 

para;letcrs. 'flic raodcl is oaerciccd usin •, tl\e:3e esti;.-r.tcG be produce esti- 

natcs of availability, dependability, and capability and the product of these 

factors. 

The model outputs are co/rparcd to the S.O.R.  This co;narison indicates that 

the miniinum acceptable values for syster.i reliability in csuntdo-.m and fli^nt 

are net, althouyh the reliability of the re-entry vehicle is clearly suscep- 

tible of inproveneno. The true availability of the system is •..'oefully 

lower than the acceptable mninun, although the apparent availability is 

relatively hish.  The per unit hill probability is also in drastic need 

of iinprovenent. 

Parameter variation studies are initiated on the availability and capability 

factors to assess the potential for systen inprovenent. It is shora that 
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.    iritprovecL nonitoring end incre3.seä reliability of the power genera- 

tion and distribution suos5rstein in conjunction 

with 

a drastic shortening of the tines "between scheduled checkouts on 

several sübsystens 

and 

an increase in guidance accuracy "by a factor ox two 

will "oe required to achieve r,iinir.iyja c.eceptacle systera peri'onnanco. 

The questions of costs, schedules, confidence factors, relative strategic 

value of the system, and technical feasibility of accomplishing the re- 

quired system alterations are not considered. 

A more serious shortcoming of this document is the lack of an illustrative 

decision algorithm (for aiding raanagernent) that accounts for cost, schedules, 

expected product life, and the host of other factors vhich (conceivably) in- 

fluence decisions in a real situation. The current example limits Itself to 

a trade off study based strictly on the technical factors which enter into 

decisions. Thus, there is a certain flavor of real life missing from this 

example. 

Although the example developed here illustrates the foimal mathematical 

framework referred to above, it was found that this framework can he too 

restrictive under certain circumstances. The difficulty is implicit in the 

ctructuro oi' tV.e ■ji'c^u; ■. ..' ,J  J '..l..'.;".-. ^:j:;v..:ec tkat roadlncDS, dependa- 

"rility, r.nd ua^i.'r. cv •.:  ility ru/ ..; i-^s^^^y. -.z   ;;vtu^lly exclusive, inde- 

pendent factors. This assunption can hreal: dovm for availability and 

dependability in the case of ICBM's when several launch attempts are per- 

mitted (^rith repair from the preceding aborts). 

It is shown in Appendix II that this situation cannot be formulated within 

the present formal fraaework adopted by Task Group II. 
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II.    EFFECTIVEtffiSS EVAIUATIOII BY TASK ANALYSIS DESIGNATOR I-TU1IBERS 

1.0 IISSIOII DE?HIITIO!T 

1.1 Functional Definition of Mission 

Any missile of an ICBM fleet should be ready to accept a launch directive at 

a random point In time, or at an arbitrary tine after an initial warning has 

been received at a random point in time. It should then launch successfully 
7/ 

within a prescribed reaction time,—fly a ballistic trajectory, penetrate, 

arm, fuse, iapact within the prescribed target area, detonate and yield as 

planned with a prescribed probability of target kill. 

1.2 Sfcratem Requireaents 

The basic numerical criteria used in guiding the design of ICBM fleets is 

given in a document called "Specific Operational Rectuirements.* For example, 

the Atlas and Titan I fleet requirements are given in SOR-10^. 

For our example analysis we shall assume that the SCR requires: 

Minimum 
accept, value 

Objective 
value 

Countdown reliability 0.8 

Flight reliability 0.7 

Fleet in commission rate 0.5 

Per unit probability of kill 0.8 

0.95 

0.90 

0.90 

0.9 

* Assumed reaction time of" 2 l/2 hours. 

We shall also assume that the S0R specifies one or more objectives of the 

following nature: 

2/ Multiple launch attempts with repair of aborts is permissible. 
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. Crisis criterion: 

Maximize the number of missiles available for launch. 

Cold war criteria: 

. Fixed budget criterion: 

Maximize target coverage within a fixed allocation of 

resources. 

. Per unit cost criterion: 

Maximize target coverage per dollar consumed. 

. System efficiency criterion: 

Minimize the dollars required to obtain a specified target 

kill probability 

It should be noted that these criteria define acceptance and objective levels 

and a course of action. They do not necessarily specify Figures of Merit. 

However, the SCR probably should specify one or more Figure of Merit to be 

used in assessing the developed ?yctem. We shall, therefore, assume that 

our hypothetical SCR requirements are based upon the expected number of 

objectives destroyed per squadron vhen an execution directive is given at a 

random point in time and three oissilos are targeted per objective. 

2.0 SYSTEM DESCRIPTIOn 

2.1 General Configuration 

The system is a squadron.    A san^Tm consists of nine launch sites, each 

containing one missile. 
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Each r.iissile contains the follovjlij^ launch critical subsystems 

Sub system 
Subsystem Desi gnator 

Re-entry vehic le A 

Guidance B 

Autopilot C 

Propulsion D 

Structure E 

Each launch facility contains the following launch critical subsystems. 

Subsystem Designator 

Overhead door F 

Air conditioning G 

Power generation 
and distribution H 

,2.2 l^locl: Diagrag 

Block diagrans of a system are useful in showing the organization of a 

system. In particular, they are a useful reference in establishing the inter- 

faces between equipments and settling the question of redundancy. The 

functional flow diagran of Figure 1 illustrates the degree of complexity and 

amount of detail normally available from such diagrams. 

2.3 Engineering Drawings 

The engineering drawings define the details of the hardware of the system. 

From these drawings information is extracted to support the integiated task 

index, unit manning document, data handbook, provisioning requirements docu- 

ment, equipment running time line analysis, and the reliability functional 

block (RFB) diagrarn. 
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2.k    System Function Analysis 

A system function analysis (F/A) is a task oriented analysis of the time and 

sequence of the events necessary to support and utilize a weapon system. It 

provides the base line from which the equipment running time line analysis, 

integrated task inde::, and unit manning docuiaent are prepared. A function 

analysis is documented as a set of configuration control engineering drawings. 

The method is illustrated by the two Atlas F series drawings of Figures 2a 

and 2b. 

2.5 Physical Factors Sumaary Docunients 

Ttiese  documents are usually a series of design reports of all system factors. 

2.0 Equipment Running Tu-je Line Analysis 

-A running time line analysis of each equipment group Is performed for each 

standard tactical operating condition (STOC) Implied by the mission descrlptioi 

For example, consider Figure 3 which Illustrates the time line analysis of 

a hypothetical re-entry vehicle during countdown. 

2.7 Integrated Task Index 

The  Integrated task Index of the system uniquely Identifies all of the tasks 

which must be accomplished to maintain and operate the weapon system. It 

lists the required skill level (AFSC), number of people required, sequence 

and duration of the tasks. This is illustrated In Figure 4 for an Atlas E 

Series periodic inspection. 
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*■ 

BLOCK   1 
NO. 

TITLE                                                             i AFSC      Y 
|     1ST    |   2ND |    3RD  |    4TH   |    5TH   |   6TH |   7TH   |   BTH |   9TH |   10TH j   11 M j   12TH ]   13TH | 14TH |  15TH |   IfiTI   |   I7TH |   1STI   j   !9TH 1  M 

|     30     |     30    |     3U j     30     |    X     1    30 130 r« 1   30 1     30     1     30 |    30     [   30     [    30    |    30    ]    30    ]    30    ]    30    |    30    j   i - 

120.5     I 
CEBFOPM INITIAL INSPECTION                                             | 

AND DOCUMENT INSPECTION                                          1 

433X0      1 
683X0 

1 h'^""?"^'!11''! 
121.1 POSITION MISSILE FOR MAINTENANCE                            1 433X1',      1 

433X1      1 
603X0      | 

2 LMBOHB1^) 

121.1A  1 PREPARE  FOR INSPECTION                                                     | 433X0      I 
433X1 
603XO 

23 

121.1A  1 

121.2     1 

(iF NEW MISSILE) PREPARE FOR                                             | 
INSPECTION AND INSTALL 
LOOSE EQUIPMENT                                                               I 

433X0      1 
433X1 
421X3 
603X0      1 

I       M 75| 

121.2 PERFORM VISUAL INSPECTION                                             j 
AND NECESSARY REPLACEMENT                                       ) 

433X0 u H-H 
122.1     I PERFORM VISUAL INSPECTION                                             | 

AND NECESSARY REPLACEMENT                                       1 
314X0F    1 T 

123.1 PERFORM VISUAL INSPECTION                                             1 
AND NECESSARY REPLACEMENT                                        { 

423X0      1 ■i 1 | 1 
124.1 PERFORM VISUAL INSPECTION                                             | 

AND NECESSARY REPLACEMENT                                        1 
421X2      1 W ■« 1 1 1 1 1 1 1 t 1 1 I 1 1 I 

125.1 PERFORM VISUAL INSPECTION                                              I 
AND NECESSARY REPLACEMENT                                        \ 

42VX2 ^' 1 
127.46 PERFOkM VISUAL INSPECTION                                              ä 

AND NECESSARY REPLACEMENT                                        ! 
3I4X0P ■i I \ 

161.1 PERFOPM VISUAL INSPECTION                                              | 
AND NECESSARY REPLACEMENT                                        \ 

433X1 ■ 3 

162.a PREPARE PHOPELLANT SYSTEM MGE                                     1 
FOR MISSILE                                                                             1 

433X1 w 3   1     1 

133.11 PREPARE ELECTRICAL MGE FOR                                             [ 
MISSILE INSPECTION 

561X0      1 w ■ii^c 

134.5 PREPARE HYDRAULIC MGE FOR 
MISSILE INSPECTION 

421X2 
568X0B m ■so    j 

135.14 PREPARE PNEUMATIC MGE FOR 
MISSILE INSPECTION 

568X06    ! Im 1    1 
132.1     1 PREPARE FOR APCHE SELF -CHECK 314X0P    ] I ■35 

132.1A ] ieRFORMAPCHE SCLf-rHECK 314X0P    ' M ■^90 

135.11AJ PREPARE MDU FOR MISSILE 421X2 ^135 

120.6 REAL-r- SYSTEM FOR MISSILE 
CHECKOUT 

3UX0P 
421X2 "T* !0 1 

124.4 
CHECKOUT (FILL AND 6LEED DECK 233) 

314X0P 
421X2 2 1     l     1     t mm HHUs]    1    1    1    i    1    1    {    j    |    {    i    1 

16!   9 PERFORM PROPULSION SYSTEM 
CHECKOUT 

433X1 
433X0 
421X2 

J      l 
161.8 PERFORM ENGINE RELAY BOX 

CHECKOUT 
3UX0P 
421X2 
433X0 

1    1    1    1                1                H3   1 
161.7 

fERFOSM APCHE »OPULSlCN 
IGNITTERS AND HEATERS CONTINUITY TEST 

314X0P 
433X1 1   UHJ6 

127.47 PERFORM PU SYSTEM CHECKOUT  (D£C< 2401 31iXCI» 1 ! 1 1 1 1 1 I i 1 1 I 1 M 
127.4 PERFOdM PU SYSTEM TEST (DECK 219) 314X0«= 1   ! 1 ! i   i   i j i 
123.5 PERFORM AIREBORNE ELECTF CAL 

SYSTEM CHECKOUT 
3I4X0P 

125.4 PtRFOHM AIRBOONE PNEUMATIC SYSTEM 
CHECKOUT 

433X0 
421X2 

152.1 
31!XCf 

252.1 PREPARE COUNTDOWN GROUP FÜR 
CHECKOUT 

31 MOP 

122.6 PEIFCÄM AUTOHLOT SYSTEM CHECKOUT 314X0P 
421X2 
433X0 
433X1 

Mil 

|    151.4 PREPARE MG5 FOR CHECKOUT [      31IX0P 

j   151.5 PERFORM MGS CHECKOUT i      311X0P 

|   252.50 OfENEftGlZE IGS [      311X0P 

|   252.2 SECURE COUNTDOWN GROUP FROM CHECKOUT |     311X0P 1   1   1   1   1   1       1   1           1   1   1 
|   152.2 SECURE ALINGMCNT GROUP FROM CHECKOUT j      311X0P 1   1   1   I   1   1   1   i   I   !(  i   i   1   i   1   ! 

122.7 !      PERFORM APCHE AUTOPILOT FREQUENCY 
1        RESPONSE TEST [DESK 256) 

3UX0P 

|   122.9 |      PERFORM INTEGRATED A/P IGS TFSTS j      311X0P 

|      PERFORM PNEUMATIC LEAK TEST |      421X2 

121.3 SECURE FROM INSPECTION 433X0 
433X1 

I   122.12 |      SECURE FROM INSPECTION [      3UX0P 

| 123.-; [      SECURE FROM INSPECTION |      423X0 

SECURE FROM INSPECTION 421X2 
3UXW 

1   125.6 1     SECURE FROM 1NSPECTION |      421X2 

1   127.50 SECURE FROM INSPECTION I      314X0P 
|      433X0 

1   161.10 |      SECURE FROM INP5ECTION 4ääxl 
i l 

1   151.13 j      SECURE MGS FROM CHECKOUT 

1    152.2 |     SECURE ALIGNMENT GROUPFROM   CHECKOUT |      311X0P 1 
•FORMALLY SCHEDULEC |    252.2 |     SECURE COUNTDOWN GROUP FROM  CHECKOUT 1      3l1X0fl • H1 1       1 1 1 ! 1 i 1 1 1 i 1 

1   120.3 1      PREPARE MISSILE FOR TRANSPORT 433X0 
603X0 1 IFREGUIIEO                        ■■■■■■ ■ III 

1   120.3 1      STORE MISSILE 433X0 
433X1 

|      603X0 

120.4 1      REMOVE MISSILE FROM STORAGE 1      433X0 
|      603X0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

1 FIGURE 4. SMA MISSILE PERIODIC INSPECTION - 
TASK DURATIONS AND MANNING REQUIRE 
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l.o    Unit Manning Doc^anent ! i 
i 

The unit manning document describes the skill levels required and the number 

of people allocated to the weapon system. 

2.9 Reliability Indices Reports 

The reliability indices reports list each reliability functional block, 

identify its function, and give its failure rate. The raw data from which 

the failure rate is estimated is also listed in the document. A typical 

excerpt is shown in Figure 5. 

2.10 The Data Handbook 

As the system is developed, a running estimate of each of the pertinent system 

parameters is maintained. 

2.11 Provisioning Requirements Document 

The number of items of support equipment and the allocation of spares is 

documented. 

2.-1-2 Cost Indices Document 

(Not pertinent to this technical document. ) 

2.1'j     Rgg Diagram 

Each equipment group is subjected to a detailed reliability analysis. Tne 

resultant reliability functional block (RFB) diagram shows the inputs to each 

equipment block, the outputs of euch equipment block, and the internal 

relations of each equipment bloc];. 

Figure 6 illustrates such a diagi-am for a hypothetical re-entry vehicle. 

+ 
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LAUNCH CONTROL 

\ 15 VAC 

28V DC 

K ——ISCD POWER 
SCO   I- 

■' I LAUNCH 
CONTROL 
POWER 

TARGET 
SELECT TARGET A 

TARGET t 

RELIABILITY  FUNCTIONAL  BLOCK   DIAGRAM 

RE-ENTRY VEHICLE-SUBSYSTEM A 

BOTH A.I 

A.2 

A.3 

A.4 

BOTH A.5 
TARGET A SET 

BOTH A.6 

EITHER 
OR 

TARGET B SET 
ALL THREE REQUIRED 

A.7 

A.8 

MK 4 ONLY 

MK 3 ONLY 

A.9 

H A.10.2 

A.10.1 

A.11 
MK 3R/V 

A.12 

EITHER 
OR 

MK 4 R/V 

SUNCH CONTROL 

•115V AC VERIFICATION 

• 28V DC VERIFICATION 

TARGET SET 
IDENTIFICATION 

-fSCD VERIFICATION 

-»-BATTERY TEMPERATURE 

•CONTINUITY 

-•- R/V TACTICAL 

R/V IDENTIFICATION 

FIGURE 6.     TYPICAL RFB DIAGRAM (SUBSYSTEM A,   REENTRY 
VEHICLE DURING COUNTDOWN) 

84 



I 
2.1A Wsapon System rtmmary 

It is assumed that the eleven tasks indicated above have been satisfactorily 

completed to produce a weapon system summary document. For the present 

example, we assume the following summary. 

2.14.1 Delineate the STOCT" and Their Time Lines "by Subsystem 

The STOC fnr a launch site are 
4/ 

. EWO— readiness 

Guidance checkout 

. Re-entry vehicle recycle 

. Periodic checkout 

. Countdown 

. Return to standby 

. Flight 

IVpical tine lines are illustrated by Figures 3 and 4. 

2.14.2 Delineate Targeting Policy 

A squadron is targeted on three objectives, three missiles to an objective. 

2.1U.3 Delineate Physical Factors 

The launch site may be regarded to be impervious to countermeasures except 

when the overhead door is open. (Consider ground Invulnerability to be 

unity.) 

For the class of target considered, the warhead exhibits a unity damage function. 

Hie cross range and down range miss distances arising from errors of the gui- 

dance system are normally distributed and independent. 

21 Standard Tactical Operating Conditions 

4/ Emergency War Order 
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The probability of propellant depletion is zero for the target ranges used. 

Under tactical launch conditions two launch attempts may be made, since each 

site stocks sufficient spares to repair one countdown abort. No retargeting 

capability exists. 

The reliability and performance capability of the communication system is 

unity. 

Penetration probability is unity. 

2.1':-. ••:• Delineate Personnel Composition 

Each squadron is supported by four maintenance crews.  A crew works an eight 

hour shift with every fourth day off.  During encrgcmcy conditions not Ifistinc 

longer than one? weoh mi cr^wr? may be put on twelve hour dut?/1, two crews 

operating simultaneously. Maintenance equipment is redundant to this extent. 

It requires a full crew to maintain, checkout, and/or repair a failed missile 

or launch facility. Scheduled maintenance does not create queuing problems. 

Each launch site is fully manned twenty-four hours a day. 

£.1^.5 Delineate Maintenance Policy Typcü end Tine Lines 

Each launch site is maintained using a hybrid roaintenancs policy.  Sub- 

systems G and H are continuously monitored and enter unschcdaled iirdntcnance 

when a failure is indicated by malfunction lights.  Repair is by remove and 

replace and requires a mean time of one day. Subsystem A is an unmonitored 

system which is replaced once a year. The time for replacement is constant 

and takes one day. 

Subsystem B is periodically checked after standing on alert for ten days. The 

duration of the checkout, when it is all-go, is one hour.   The system can 

be returned to alert in ten minutes from any point in all-go checkout. The 

uean time for rooair, vhi'jli IQ  '::■ rc.iovn :-.:iä vs^lacc, '„5 o'J. •,",.t hourü. 
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Subsystems C, D, E, and F stand on alert for thirty days. At the end of 

thirty days, a checkout requiring 0.6 day is performed. The system is 

off alert during this time. Repairs are by remove and raplace. 

. Spares are unlimited. 

. Deployment of the squadron is such that travel time for unscheduled 

maintenance is negligible compared to the duration of maintenance 

activity. 

. At Irregular intervals TCTO must be accomplished (off alert).— 

. Scheduled maintenance does not create queuing problems. 

Figures 7 through 13 illustrate the time lines for each subsystem main- 

tenance policy and the values of the parameters. 

ji.O SPECIFICATION; OF FIGURES OF MERIT (F.O.M.) 

The various figures of merit useful in making decisions for or against 

system alterations and for use in targeting are, in order of increasing 

detailj 

3.1   E = A' [DJ C = expected targets destroyed per squadron 

3-2   [D] = dependability raatri:: per squadron 

3.3   C = System capability vector 

3.^   A = Squadron availability vector, and ^ is its transpose 

3.5 Relative subsystem, site, squadron rani: by reliability indices by 

mode of operation 

3.6 Relative subsystem, site, squadron rank by availability indices 

3.7 Relative subsystem, site, squadron rani; by consumption rate by mode 

of operation 

3.6   Relative subsystem, site, squadron rani-: by repair time 

3.9 Relative subsystem, site, squadron rani: by lag tine 

3.10 Relative subsystem, site, squadron rani: by duration of 30 checkout 

3.11 Relative subsystem rani: by test quality and coverage by mode of 

operation. 

5/ Time Compliance Technical Order. 
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-v- 
-N- 

r2 -N- 

SUBSYSTEM                                                   | 

1  PARAMETER* INDIVIDUAL MODELS COMPOSITE MODEL             j 
C          D          E       F CD            E              F        1 

TS 
(VARIABLE) 30      30           30           30       1 

1             Tc 0.1       0.1       0.2    0.05 0.6    0.6         0.6         0.6      | 

!              T 0.05     0.05    o.i    0.05 0.1    0.1         0.3         0.6 
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The calculation of !>'- shall reflect the conditions of l.C and £.0  In the 

present memorandum only the highest level F.O.M. (No. j.:1.) will be considered 

since all other F.O.M. are obtained as intermediate by products of proper 

data proccsging. 

4.0   izxi^iZLCiJic:: o:;' Acaow^cwi PACWJO 

Hie total number of factors which must be accounted for are determined by 

the system complexity and the nature and detail of the questions which it is 

expected must be answered by the modeling effort. 

It is convenient to group the areas of consideration under four headings: 

Personnel 

Procedures 

Hardware 

Logistics 

;:.1 Define Level of Accountability 

Bie degree of accountability (in this example) places the least accountable 

level at a subsystem, and the highest accountable level at a squadron. 

The depth of detail to be accounted for is specified in the following four 

sections. Each factor is to be explicitly accounted for in the structure of 

the model by subsystem, by site, and by squadron. 

':-. 2 Hardware 

The models shall reflect the possibility of :?our failure stress levels for 

periodically checked subsystems depending upon the modes of operation: 

. Alert 

. Checkout and/or countdown 

. Flight 

Demating 

The model shall also reflect the posslbllty of Inherently undetectable 

failures. 

95 



k,3   Procedures 

The model shall specifically account for at least the following properties 

of a test 

. Test coverage 

. Test error 

. false alarm 

. Oversight 

. Test duration 

. On alert 

. Off alert 

k.k  Personnel 

The model shall reflect the possibility of queuing in unscheduled maintenance 

due to insufficient personnel. 

The model shall not explicitly differentiate "between inherent failures and 

human induced faiiarts. 

The model shall not explicitly differentiate procedural errors from human 

errors. 

4.5 Logistics 

The model shall specifically account for lag time due to transportation delays 
6/ 

and the deployment of the launch sites.— 

7/ 
•Hie model shall specifically account for spares provisioning. - 

i 

6/ Zero by assvusption since time did not permit an analysis. 

7/ Accounted for in launch probability only. 
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i 

k.S    Specify Data Constraints 

Data shall be obtained as a result ol' the normal routine of system checkouts, 

maintenance actions, and repairs. Data fron existing data systems shall be 

utilized to the nia;d.muin degree possible. 

Special field exercises shall be kept to the mlniraum consistent with ob- 
8/ 

taining accurate estiraates of crucial tjarameters.— 

Field data shall be supplemented by depot and qualification testing results 

wherever possible. 

8/ The auestion of confidence levels and intervals is not treated herein. 
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9/ 
5.0 MATHEMATICAL MODEL CONSTRUCTIOK - 

5.1 Assumptions 

. The failure distribution which holds during standby is an exponential 

distribution. 

. The failure distributions in checkout, countdown, and flight may be bi- 

nomial, exponential, or both. 

. The means of all distributions are finite, 

. Subsystems fail independently. 

. Test errors are binomlally distributed. 

. The launch sites/missiles are a homogeneous population. 

5.2 Dorinitionr; end ■Jyr.ibols 

The follo^ring definitions and symbols hold throughout the analysis. 

A is  the avcllability vector, A* is its transpose. 

A.  is the itli cicnent of A. 
i 

A [T] total system readiness e::pressed as a function of tine T. 

A [''] total system readiness, limiting value as T  > " . 
s 

A [T]    apparent readiness e^nprcssed as a function of time    T  . u 

C is the design capability (performance) vector. 

C. is an element of C. 

c" is the combination of n things taken k at a time. 

[D] system dependability raatrl::. 

d. . element of [Dj. 
lo 
c the rate of detection of fallureo of the Inherently detectable 

in T)i-inclple class. 

9/ The principles used in this section are discussed in Appendix I. 
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The ojrpccted kill as a function of the vuriber of Kiissiles 
;ted per objective,  other parameters held constant. -net. 

E  The expected kill per squadron (system effectiveness, defined 
to he a function of readiness, reliability, and design 
capability). 

f [R ]  Conditional delivery probability. The probability of successful 
6     flight and penetration to the target area; given a successful 

launch and no gross malfunction of any part of the system. 
A measure of system performance excluding reliability and/or 
readiness. 

i; i  i is the logical indication_of the entrance of subsystems 
C, D, E, or F into repair, i is the logical negation of 
i; i.e. checkout is go. 

L  Rate of termination of launch attempts irrespective of manner 
of termination, but excluding enemy counter measures. 

P.CF]  IS the mean likelihood that the ith subsystem will fail to 
pass the test during checkout, (period!ceilly tested subsystem) 

Pr,n[
c0]  The probability of successful launch on the first attenyt 

without regard for duration. 

■CDL 

'■ 

Pr,n[t/CD]  The probability of successful launch on the first attenpt in 
time t or less; given that the launch is successfully 
completed. 

P,   The probability that all of the equipment characteristics 
c  -which aie monitored during a periodic checkout will survive 

the checkout; given that they were unfailed at entrance to 
checkout. Failure of any such characteristic is termed to 
be "Inherently detectable in principle." 

P,    Tlie probability that the Inherently detectable equipment 
c.  characteristics survive checkout up to the point of test 

decision; given that they are nonfailed at entrance to 
checkout. 

P,    The probability that the inherently detectable equipment 
characteristics survive the demating ~        "  ' 
test decision; given that they were 
nonfalled at the test decision point 

Cp  characteristics survive the demating process post checkout 
test decision; given that they were passed and were actually 
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P  : P    The prolDability that the inherently detectable equipment 
^r '  r   characteristics survive the expected waiting times Tr  and 

T ; given that they were unfailed at completion of 1 
r2  checkout and repair respectively. 

P,   The prohabllity that the inherently detectable equipment 
s  characteristics survive the standby period; given that they 

were unfailed at the time of assignment to standby. 

Pn[Rn]  The weapons effect damage function; expressed as a function 
of the radial miss distance R. 

P_  System flight reliability. 

P   Guidance accuracy dispersion. 
S 

P #    The mean likelihood that the ith unit is nonfailed; given 
g/u   that it is assigned "UP" . 

P^CGj t ]  The prohahility that the ith unit is nonfailed at entrance 
k   to standby. 

Pk  Unit probability of kill, 

P. [T] The probability that exactly k units are "down" T units 
of the time after initiation of an alarm condition. Down 
means in repair or awaiting repair. 

P-CT]  The probability of launch for one or more successive attenqats. 
T is measured from the initiation of first attempt. 

P, C00]  The limiting value of P, [T] as T —•• " . 
JJ L 

P^p-Tr-l  The probability of no prcpellant depletion expressed as a ■NPDL 0 
function of target range rf.. 

P Penetration probability. 
Jr 

P^t, Ct] Probability of being up  and bad, (failed) but detectable in 
d principle at time t. 

P^ C*] Probability of being up and bad, and not detectable In prin- 
u ciple at time t. 

P^gW Probability of being "down" (assigned to repair), but "good" 
(nonfailed) at .xme t. 

Pdt [t] Probability of being down with a detectable class of failure 
d at time t. 

100 



P  [t]  Probability of being down with an undetectable class of 
u    failure at time t. 

P [tl  Probability of being "up" (assigned to service) and "good" 
^    (nonfailed) at time t, 

P   Bie probability that all of those equipment characteristics 
uc  which are not monitored during a periodic checkout will sur- 

vive the checkout; given that they were unfailed at entrance 
to checkout, failure of any such characteristic is termed 
to be "inherently undetectable in principle." 

P    The probability that the inherently undetectable equipment 
c.,  characteristics survive checkout up to the point of test 

decision; given that they were unfailed at entrance to 
checkout. 

P    The probability that the inherently undetectable equipment 
c-  characteristics survive the demating process post checkout 

test decision; given that they were passed and unfailed at 
the point of test decision. 

P  ; P    The probability that the inherently undetectable equipment 
"r.,   Tp     characteristics survive the expected waiting times T   and 

'"  T ; given that they were unfailed at the completion 1 
2 of checkout and repair respectively. 

P   The probability that the inherently undetectable equipment 
s  characteristics survive the standby period; given that they 

were unfailed at the time of assignment to standby. 

P,„  Warhead yield function. 

r   Target range. 

R  Target nisc distance measm'od radially fro;;1, the targw-t to 
the poiu^ of impact- 

RCD"  Reliability or the ith nubsr/.rbea ia countrlo-..':^ 

R,,1  Reliability of the itL cuL:.;v--'-~- -" ^ 
L 

^ 
Letlial radius of imrhcod. 

t  Time 

t ; t   Duration and mean duration of checkout, respectively, 

t^,^  Duration of countdown. 
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t,;  t.  Duration and mean duration of down tine, respectively, 

t j t   Duration and mean duration of standby time, respectively, 

t-j t   Duration'and mean duration of up time, respectively. 

T   Duration of a constant duration checkout, 
c 

T , T   Duration of the first and second half of checkout 'when 
cl  2  constant. 

T   Remove/replace time for ith subsystem repair. 

i    i 
T  J T    Expected time avaiting reassignment to standby for the ith 
rl   r2   subsystem after successful completion of checkout and repair, 

respectively. 

T  Constant standby duration, 
s 

U[x]  Unit step at t = x . 

a     Periodic maintenance - the probability of false alarm. 

Continuous monitorlne - the rate of false alarms. 

0  Periodic maintenance - the probability of passing a failed 
characteristic of the inherently detectable in principle 
class. 

6(x)  Delta dirac at t = x. 

\      System failure rate of the continuously monitored subsystems 
during standby. 

\n  Rate of occurrance of TCTO actions. 

X-r  System failure rate during countdown. 

X,    Failure rate of the inherently detectable characteristics of 
s   the ith subsystem during standby. 

X    Failure rate of the inherently undetectable characteristics 
us   of the ith subsystem during standby. 

p,  Equivalent system repair rate for aborted countdowns. 

p,-  Rate of completion of TCTO actions 
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: 

p..  Periodic maintenance - probability of successful repair. 

Continuous monitoring - the rate of successful repair. 

p.-  Periodic maintenance - the probability of leaving repair 
with a failure of the inherently dstectable in principle 
class. 

Continuous Monitoring - Bie rate of leaving repair with a 
failure'of the inherently detectable in principle class. 

li,^ Periodic maintenance - The probability of leaving repair 
with a failure of the inherently undetectable in principle 
class. 

Continuous monitoring - The rate of leaving repair with a 
failure of the inherently undetectable in principle class. 

||  Indicates continued product. 

a  Standard deviation. 

T  Time duration. 
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5-3 Delineation of Possible Outcones 

. Total failure (full target survival) 

. Not ready to enter countdown. 

. Aborts countdown. 

. Catastrophic failure in flight. 

. Destroyed by counter measures. 

. No yield. 

. Palls outside target area. 

. Partial failure (or success):  (incomplete target destruction.) 

. Falls wide of target with proper yield. 

. Palls on target with low yield. 

. Total success (target destroyed). 

;';. 4 Dalinor.tion of System States 

Enuring the prealam condition of system readiness, availability is calcu- 

lated under the assumption that each subsystem of each site can occupy any 

one of si:c basic states, namely: 

. up and nonfailed 

. up and failed detectably 

. up and failed -undetectably 

. do;m and nonfailed 

. down and failed detectably 

. down and failed undetectably 

In addition, there is an overall system administrative state, namely: 

. down in TCTO 

Since there are five launch critical subsystems, there are 7 possible 

launch sites states (l6,807 states). Since there are nine launch sites to 
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be considered, the squadron can theoretically occupy any one of 

EH-r-l n 
w r-1 =.  j:6'8^1 . = on the order of 10

31 

r = 16,807    16,80bl9! 

m = 9 

basic states. The -Dernissible state transitions are sho-.rn in Figure 12. 

In the post alarm environment one additional state is accounted for, namely; 

down and in queue 

Brief attention is given to multiple tactical launch attempts. For this 

calculation the l6,80T basic states of a launch site are subsumed into 

seven gross states: 

on alerb and nonfailed at the time of receipt of the launch directive, 

on alert, but failed, at the time of receipt of the launch directive, 

in repair out of countdown entered upon receipt of launch directive, 

in repair at time of receipt of launch directive. 

counting down after first abort or after repair that was being com- 

pleted at time launch directive was received, called final countdown. 

. launched. 

aborted out of final countdo'm. 

These states and the permissible state transitions are shown in Figure 3-1 of 

Appendix II. 

The dependability matrix identifies 81 system states,, each of which corres- 

ponds to the probability that if i missiles are available when the execu- 

tion directive is received at a random point in time,  j of them will 

successfully launch, fly, and impact within the specified target area. 
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5.5   Availability 

5.5.1   System Models 

5.5;i.l   The Availability Vector 

If \re denote the availability of any raeiaber of the squadron by    A [«]    or 
s 

A [T] where the first symbol refers to steady state availability and the 

second syabol refers to transient (augmented) availability then the availa- 

bility vector is given by 

Ac 

A-, 

(2) 

where 

C;^ (Af-ir (1 - AM) 9-k (3) 

or 

\ 
cl    (AS[T])

1:
 (1 - As[Tl)

9-k (M 

The coinponents A. of A are read '"Hie probability that exactly i missiles 

of the squadron are available." 

5.5.1.2 Composite Steady State Model 

Total missile/launch site availability may be c:npressed in the steady state 

uyj 

An[«]    «    Ah["]    A.L'-J    A,'."]    4T["1    ApM    APT)W^^ (5) 
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where, 

A [-'] = Impact of TCTO on availability 

A.[^] = Availacility o± re-entry veiiicle 

;L,["J = Availability or guidance 

Ap-p-ni"] = Joint availability of autopilot, propulsion, structure, 
" ^ and overhead door 

A^L"! = Availability of air conditioning 
G 

Ar-J*5] - Availability of power generation and distribution 

Alert Degradation due to TCTC 

It is ass-coned that the only effect of a TCTO action is to remove the launch 

site from alert, 

density function; 

;ite from alert. The time between TCTO actions (t ) is distributed with 

PcW = xoe (6) 

The durations (t ) of TCTO actions are distributed with density function; 
w c 

"^C tc 
Po^ = ^o6 (T) 

The system availability due to TCTO actions is therefore given by, 

An H = 3^: (8) 0     t + t s   c 

-     f      "Vs ,+      1 fn. 
0 u 

t  =1  e 0 C dtr = -i (10) 
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where 

t  = Mean time between TCTO actions, s 

t  = Mean duration of TCTO actions. c 

The Joint AvallaMlity of  Subsystems, C; D, TU,  and F 

The weapon system suiainary (2.1^) indicated that subsystems C, D, E, and F 

stand in readiness for the same time interval T , at the end of which time 
s 

they enter checkout. If the checkout is "go" for all subsystems, the check- 

out duration is T . Checkout and repair of the subsystems is conducted in 

parallel. Each subsystem is assigned up when its repair or checkout is 

complete. The last system up defines the point of entry in T  for all 

four subsystems. 

A typical time line of this joint maintenance policy is shown in Figure 9 

The equivalent time line for any given one of the subsystems is shown in 

Figure 10. It will be noted that, in general, there will be an expected 

waiting time T   or Tr   on each maintenance cycle during which the 

ith subsystem is on alert, but one or more of the remainder of the subsystems 

is aown. 

inodel. 

This waiting time must be accounted for in the structure of the 

Accordingly, we have. 

( 

l>J = 

TTPifet ] 
1=0 1   Sk 

F 

• > (X :' + X i) T 
;_ v S     U '  S 

i=C 
1 - e 

CDEF T + t. 

F 
V1 -  i 

/ ) (X i + X ") 
S / -^  s   u ' 

1=C 

(11) 
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where, 

where 

P.[G; t   1 
 r2        r2   I      S C        rl   3 

I s       c       s       c       r,        r, J 

A   -    1 +   [(l-^^^d-,/) Pd    i -  (l-a1) Pd    ' Pd    ' i Pd ' Pd    ' 
[ dr2 

ac2       r1   j      s       o:L 

(13) 

(12) 

Denote   

i   =  P7[F1 (xh) 

1=1- P1[F] (15) 

Then, , % 

pTpl   =   i (l-ß1) ] 1 - (l-a1) Pd 
i Pd 

i Pd    i    I (16) 
s       c       r        j 

e.nd for the inequalities given in the weapon system summary ^2.14). 

and 

t^ =    DET   +E(T   E+TE) + Dl(T    D+TD) + DlPTF (17) a c c, r c, r r 

T    C =    DE(T    D+TD-T) + E(T    E+TE-T)+DEFTP   (l8) r, a. re' v c. re r     x     ' 1 + E 1 F1 (0) x 

T    C =    DEF(T    -T    C-TC) + E(T    E+TE-T    C-TC)        (19) Tr, ^ c       c1 r ' v c^ r c^ r ' 

+    ED(T    D+TD-T    C-TC) + DEF(T   +T1''-T    C- T C) v c1 r c, r ' x c       r c^ r ' 

T    D =    E(T    E+TE-T) + EFTF + If(0) (20) r, x c, r c' r x  ' 

T    D =    E (T   E + T E - T    D - T D) + 1 (0) (21) r2 Cj^ r c1 r 

TE =    D (T    D+TD-T)+DFTF   +DF(0) (22; r^ C- re r 

T   E «    0 (23) 
r2 

T    F =    E (T    E + T E - T ) + E D (T    D + T D - T ) + D 1 (0) (24) 

T    F =    E (T    E + T/' - T    = T F) + E D (T    D + T D - T    - T F) (25) rp 
K  c-, r or' x c.. r c        r  ' v  x' 

+ DE (0) 

10/ See Appendix III for derivations 
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where, as a typical example; 

-XC(T    D +  T D -  T  ) -\ C(T    E +  T S - T  ) s^c^ r c' s^c, r c' 
PJ
C    =    DEe 1 +Ee 1 .(2)) 

d
r 

1 __    -XCTF 

+    DEFes       r      +DEF 

-X C(T    - T    C - T C) 
P,    C    =    DEFe    S  ^  C        Cl r  ^ 

2 -\C(TE+TE-TC-TC) 
+ E e    S        Cl r Cl r 

-X C (T    D + T D - T    C - T C) 
+ 1 D e    s        Cl r Cl 

-X C (u?   + T F - T    C - T C) 
^rir,        svc        r c, r' + D E P e 1 

The Availability of Suosys-fceras ;i, 3,  G, and " 

The system models for the availability of subsystems A, 3, G and II do not 

differ from the respective SUP system models for these suosyster.^. 

Accordingly, discussion of these availability models is delayed till 

Section 5«5«2. 

5.5•1•3 Transient (Augmented) Availaoility 

In the event that prior uarning is received, steps may he ta1.:en to augment 

the availability of a squadron. Specifically, all scheduled maintenance nay 

be deferred and the maintenance crew's nay be put on tvelve hour shifts, tvo 

crews '..Tori;in,3 in parallel to take care of unscheduled maintenance. 

on 
As noted earlier there are of the order of 10"" basic system states. An 

equivalent number of state transition equations is required to e:rpress the 

possible interactions between the nine launch sites and the tvo maintenance 

crews. 
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It Is evident that the state equation approach to augmented availability is 

|     not a feasible approach, even for the simple illustrative system used here. 

On the other hand, machine simulation methods using Monte Carlo techniques 

are quite satisfactory for this and considerably more complex systems. 

Since Monte Carlo methods are beyond the intended scope of the present 

document, we shall use approximations that will permit a solution to be 

obtained by pencil and paper methods. 

Divide the system into two equipment groups 

. Continuously monitored (Subsystems G and H) 

. Periodically checked (all Subsystems except G and H) 

Let it be assumed that the system is returned to alert from scheduled 

activities in essentially zero time. Assume that unscheduled maintenance 

on Subsystems G and H is the only activity which can now remove the system 

from alert. Further acs\une that 

. Repair is perfect at the equivalent repair rate  p., — 

P. = 

(tG    G\  G        /-\H    H\  H 
Vc > "l        (Xd + "o ' ^ 

Xa
0 + X/t ^ + «

H   Kf.^J*^ 
.    The net launch site observable failure rate X is 

G.G. , H . H 

. There is no delay in detecting failures, i.e. 

G   H 
e = e 

1V Implies that only one subsystem can fail at a time. 

(28) 

\  = v + c^ + v + a (29) 

(30) 
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The probability that the periodically checked portion of a site will be 

good T units of time after the warning is received is given to an ex- 

cellent degree of approximation by; 

L, i    - (Y K1)    T 

Pp[T] -  ^ PitGjt ] 

i=A       k 

1 - e s s 
i-.       s 
i=A 

X^1 

s      s 

(31) 

The queuing equations which express the probability Pi-M that exactly k 

sites will be down in the post warning environment are given by; 

(See page 113) 
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^    o     o     o     o     o 

(V 
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t 
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The (average) probability of being up for any one member of the squadron is 

given by 

9 
Pu[T:i = 1 ~ I I  i PiCT:! ^ 

i=l 

The total expression for augmented availability is then given by the appro'-d.- 

mate expression, 

A [T] = P [T] P [T] P / G P , H 
s L     p1- -1 u1- J  g/u  g/u (3^) 

where P /   is given by; 

"e/u 
^1 

(xj- + X i + a1) v d   ,, u (  / 7    + l^o1) (1+^) + "^ 
X,1 + o1    * e1    e' J 

(35) 

The initial conditions to be used in solving the equation set  (32)   are 

Hr Hr«-n9-k p [0]   -   C/(l-p   u[»] P   n[»]r (P   
u[«] ?   n[»]) 

K K U U U U 

P»5»2  Subsystem Models 

5o.2.1  Re-entiy Vehicle (Subsystem A) 

The Uoapon System Summary {2.lh)  indicates that the re-entry vehicle is 

maintained independently of the other subsystems on a strictly calendar 

basis of remove and replace. Accordingly, the availability of this sub- 

rj/ct-j. ■. at c.  rendon point in time is given 'c'j; 

(36) 

O] = 

A '    ^(T-O 
^   1 - e J 

T X A 
(37) 
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T = Tine be'cvecn recycles = one year 

I T v = Rep].ace:nent time (constant) - one day 

IJ. 
A = Probability that re-entry vehicle is nonfailed at time of 

installation 

X      =    Failure rate of re-entry vehicle 

; . '■■}. 2. r Guidance (Subsystem B) 

The guidance subsystem is maintained independently of the other subsystems 

on a slipped schedule basis. Only ten minutes of the checkout time is 

system down time.  The expression for r.vr.ilability is aivcn by; 

V 

1-p . , u  d 
BP. B 

A^C-l = 

P^TÖ^ \ (l.Pd Bpu B)/(x B+   B) +   X *i^^. -  (T/).] 
K  !      SS       S     S        SS     UCUC 

: Ts
B + Tc

B + PB[F] (Tr
B - T B) (38) 

-X B T B 
xi       d   s 

Pd
B  = e  G (39) 

-X BTB 

Pu
B   = e  S (1,0) 
s 

^1
B(l-3B) l-(l^B)Pd % B 

PB G,t3k   =   i - pd 
Bpd \ \B d-^)   i+ :a^B-3B)(i^2

B)       (la) 

s  c  S  c 

- (1 - oB) Pd 
Bl Pd 

B P, E 

c_   s   c^ 

(i^i-fi-o VPd s   c 
PB[F1

 
= 1+ (x - .B - 3^! - .2

B) - (1 - .B) Pd 
B)Pd

B^    ('2) 

C2   S   Cl 
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5«5'2.3 Autopilot (Subsystem C) 

5.5.2.H Propulsion (Subsystem D) 

p.5.2..5 Structure (Subsystem E) 

p.5.2.5 Overhead Door (Subsystem F) 

These svibsystems are treated as a group for periodic checkout. However, 

each one could he treated seperately. It Is in this sense that we nay con- 

sider the availability 0:? each suosyGten. Utilizing -ihe propoi" sinarscri.nV.r'; 
T.'e have for each; 

i,,    1' P.CGit    ](l-Pd
iPu

i) 
A [»]   = 6 s     s   (U3) 

(xd'+ xu') ^+ V+ pi^ ^v - O) 
s s 2 

-X, i T i 

i d        s 
Pd8      ^    8      S (^) 

-    iTi 

4 us 
P    '    =    e      s 

u s 
(^5) 

^(1 - ß1) [l - (1 - a1) Pd ^ i 

8 C 
PiCG;V    =    a - P, ^    ^ ^    i (1 - c1))    1 +  [(1 - a1 - B^d - . *) 1 d     u     d     u      v ' \ '\        ^2 ' 

s        s        C        C I    < 
1 v TO 

- (1 - c1) pd ^ pd ^ i. 
c2 s      c;L     ; 

(l-g1)    1- (l-a1) Pd
iPd

i 

PTF] = —.—-_- —*    c 1—I (^) 
1 + ( (l-a^^d-^1) - (l-a1) Pd    i   Pd     Pd 

I C2 8 C1 
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I 

f 
i 

- - 

5.5.2.T Air Conditioning (Subsystem G) 

5.5.2.8 Power Generation and Distribution (Subsystem H) 

These two subsystems are maintained independently of each other and the 

other subsystems. They are continuously monitored, hence; 

A [a]  =   -L      d   (UAN 

where i is "G" or "H". 

This may also he expressed as: 

where 

Ai[<»]    = 

*u 

p     i 
Pg/u 

4. 1 
^    -l    ^t ^ + ^3 

1    i (, ^1 

Vu 
"1 

(^^u*»' {(r^b ^s'«1^^} 
with appropriate s^erscripts on the parameters. 
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5.5.3    Ap-parent Avs-ilabillty 

ThQ egressions developed to this point yield true availability.    To the-- 

cabual observer, ho^rever,  the apparent availability is given by, 

t 

A H   =   -   % (53) 
\ + \ 

A [co]    -    apparent availability 

t  = mean time assigned to alert 

t, » mean time down in checkout and/or repair 

Referring to the various.Subsysteme; 

AAr»]  ,      "&
Tc (5*0 

T B + T B - (T B)' 

A   CDEPr    n S 

s d 

^[»3   =       G
U     G (57) 

^ t G + t G 

u d 

tH 

A
U

H[»]   =   _E
U_H (58) 

u t H + t / u d 

\mere    t G,H   and   t,0'11    are defined by Equations (50) and (51). 
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5.6 Dependability 

5.6.1 Systen Models 
4 

5.6.1.1 The System Dependability Matrix 

The system dependability matrix accounts for that portion of the mission 

following receipt of the execution directive. In the case of an ICBM, the 

matrix must account for the following factors, 

. Reliability aspects of comaunication and verification of the launch 

directive (Pc) 

. Countdown (launch) reliability (p ) 
Li 

. Repair potential on aborted launch attempt 

. Flight reliability (P^ 

It is assumed that each of these factors is independent of the others, 

hence we write, 

R   =   PCPL   Pf (59) 

* 
^hen the olor-euts    d,.,    ci' the dopcndability ncitri::    _D i    "o.^ccrao; 

di-    =    C10^    ^^     d - S)J"i    i    =    1.   2,   ...10;     ^>i<10 

(60) 
ä. .    =    0,   ,1 < i 

Tnose cloi.ientG arc the probabilities that e::actiy 10-j missiles of the 

^uadror. •.;ill survive countclo*,.'n end flieht,; .^iven that exactly 10-i are (- r; 

available. 

5.6.1.2    Co::i::iunicatlon Raliaollity 

ühis factor is unity by assunrption. 
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5.6.1,3 Countdown Relidbillty 

The probability of successfully completing countdovn is assumed to be 

expressible in the form, 

RCD[t;i = PCDM E
CD

[t/CD] (6-1-) 

P nL00] = 'Hie probability of successfully completing countdown with- 
1,1      out specific regard for the duration of countdown. 

Prn[t/CDl = The probability of completing a countdown in time t or 
lessj given that the countdown is successfully completed. 

The probability of aborting a countdown is assumed to be expressible in 

the form, 

1 - RCD[t] = (1 - PCD[<»]) PCD[t/CD] (62) 

?„ [t/CD] = The probability of completing a countdown in time t or 
less; given that the countdown is aborted 
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Provided that the launch site is in an apparently ready state (no known fail- 

ures), it may enter ^ountdo1!^ on demand. If countdown is successful, the 

missile will he launched in a time T  or less after the initiation of 

countdown. If the first countdown is aborted, it vi±l  enter repair at a time 

T  or less after the initiation of countdown. The repair will be effected 

at a mean rate u,  and a second countdown will then be attested. Failure 
■ c 

to successfully complete the second countdown terminates the attempt se- 

quence under the given assunrptions. The possible state transitions are 

indicated in Figure B-l of Appendix II. 

From Appendix II, 

PLCTC] = 1  AC"] PCD1>] (1 - e  L    C  ) 

a -(\ +L)  (T -9) 

+ (i-PuM)PCDM(i--ür^r7 e 
C li 

•o L 

UK * D -1»C(T -29) 

L        (|AC-L-^L) 

(V29) v-o^h)    -(^V <'rc-29) 

^c - L - XL^ 

_ nc (^c-2L-2XL)      -(Lf^) (TC-29) 

(VL-XL)2 

+(P [«] .  A[-])P   r»] <1 + u1- •' u  J/ *CDL 

U[TC-2Q] 

(LfX.) "^(^-26) 

r+Tiv^ie 

u A**K) (T -29)] 
T*     o     J u[Tc-2e] •ar^q;) 
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Assuming subsystem Independence, 

H 

wtiere 

•CD^     ±ll       CD 

RCD   = Reliability of the ich subsystem for the mean length 
of countdoT.m. 

The factor Pp-pTt/CD] is usually empirically determined from demonstration 
CD 

launch attempts 
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p.6.1.'I- Flight Reliability 

The probability of successfully completing a flight is assumed to be expressible 

in the form, 

Ff[t] = ^ R/ [t] (65) 

Rf [t] = The reliability of the 1th subsystem for a flight 
duration of the length t. 

lie R- [t] are given by the subsystem models. 

5»6»2 . Subsystem Reliability Models 

5.0.2.1 Countdown Models 

We shall illustrate the principle of subsystem modeling for only one typical 

subsystem, namely, the re-entry vehicle reliability in countdown. 

The reliability functional block diagram for this subsystem is illustrated in 

Figure 6.  The time line analysis of a standard countdown is shown in 

Figure 3.  The- appropriate failure rates are listed in Figure 5. 

. Reliability Model 

. The reliability of the re-entry vehicle during countdown is given 

by the product of the reliabilities of the subsystem functions. 

The reliability of a subsystem function is determined from the 

physical organization of its reliability functional blocks. By 

inspection of Figure 6, 

'  R(A) = RA.l  *  RA.2 *  RA.3  *  RA.l. *  RA.5  '  RA.7 
(66) 

• RA.8 * RA.9 • t1 - C1 - RA.10.1)(1 " RA.10.2):1 ' RA.12 

. Failure Distribution 

The exponential function best describes the failure pattern of 

the reliability functional blocks of Figure 6. 
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Typically: R^ = c A-3 A-3 (67) 

c 
\fl _ = 0.8 x 10   (from Figure 5) (68) 
A. J 

LA.3 = 5.5-60   (frcn Figure ^) (69) 

These results hold only for a standard countdown of fixed duration. When 

the countdown duration is variable a modified procedure must he used. Let 

p [t < t] he the density distribution of the durations t  of countdown. 

Let 

R  [t - Y,l -    Reliability of ith RFB in a countdown of 
A'1    c -        d\iration    t  . c 

•y s    Non-operating time in countdown. 

Let    R [t , 7I    =    f[RA  .]   be the total subsystem reliability function. 

Then, 

Ar_T      f     r^ 1 r,Ar 
«C] 

and ^ 

RCD
A[t/CD] = j^     Jo Pc[tcl ^[tc, v] dtc (Tl) 

^ CD 

5.6.2.2 Flight Models 

These are handled in a manner completely analogous to the countdown. 

(See Section 5*6.2;. 

5.7 Design Capability 

5.7.1 System Models 

5.7.1.1 Capability Vector 

Although a system may be available and function as designed during the mission, 

the system may still fail to accomplish its intent dus to a variety of 

factors. In the case of an ICBM such factors may include, 
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t 
Communication interferences (noise, blanking,etc.) 

Ground vulnerability. 

Penetration probability. 

Prcpellant depletion probability. 

Guidance dispersion . 

Warhead yield (overpressure versus target hardness, area, etc.) 

It is convenient to treat these factors from the standpoint of a design 

apc'oility vector C in aßsessinc syctciu effectiveness. In m-essn-o 

example we shall restrict ourselves to a treatment of guidance dispersion 

and the target damage function, i.e., the probability of target damage 

expressed as a function of war head yield, miss distance and target hard- 

ness. This will illustrate the nature of C, but it should be carefully 

noted that the situation depicted is a considerably oversiraplified one. 

Ve shall define a design capability vector C as follows. 

C  = (72) 

where the C. are the expected number of sites destroyed; given that i 

missiles of the squadron delivered to the target areas. 

In the example chosen for illustration here it was assumed that the nine 

sites are targeted against three objectives, three missiles to a target. 

One successful war head detonation within a lethal radius R, will destroy 

a target. 

I 
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5,7.1.2 Per Unit Kill Probability 

We define the per unit probability of target destruction as follows. Let 

the ensemble average of the probability of target destruction when one 

missile is targeted per objective be P. , 

plc - ^ ^ [R0^ fg ^ dR0 (T3) 

where 

p [Rn] is a target damage density function. 

f [Rn] is the probability that the warhead is delivered './ithin 
° a distance R0 of the target with successful warhead 

detonation ana planned yield. 

f
g
[Ro]   =  pi>iPD[ro] P

P 
pg ^o1 P

;B W 

P^p^ = Probability of no propellant depletion (a function of 
target range, launch error, propellant reserve, etc.) 

P  = Penetration probability (function of decoys and 
effectiveness of counter measures). 

P  = Guidance accuracy dispersion. 

P^ = Re-entry vehicle/war head yield dispersion. 
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t 
TABLE I.    EXPECTED KILL AS A FUNCTION OF TARGETING 

Ho.  of                             No.  of 
Detons. ed Missiles      ill ss lies/Target Expected Kill  

111    111    111 3[l-(l-P]i(x))3] 

111    111    11 3T .   n _/,n_-D /■^-^^2^ 2[1-(1-Pk(:.:)n +  [l-d-Pj.d:))^ 

111 111 1 1.25Cl-(l-PkU))3] + 1.5[l-(l-P1.(:c))2l 

111 11 11 +   .25P. (:c) 

Ill HI 0 I [1-(1-P.. (:0)3] -i     ^    [1-(1-P, (:0)21 
111 11 1 

11 11 11 h V*) 

5                       111 11 0 2I.[l-(l-?k(::))3]+    10 [1-(1-PV(::))2] 

Hi 1 1 ., "is   o (,,-) 
11 11 1 ^    - ^ 

i|-                          111 1 0 l[l-(l-P,.(x))3]+    15 .[1-(1-?,.(::))21 
tT - 14 

11 ^ 0 .  12   P, (::) 
11 1 1 T    k 

111    0        0 1    [1-(1-P,.(::))31 -:-       ^ [l-d-P  (r:))2] 

11      1        0 

111 

11      0       0 .25Cl-(l-Pk(:i))2l + 1.5Pk(:0 

110 

1 10       0 Pk(x) 

0 0        0        0 
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For example when 
12/' 

Then 

iL    =    Lethal radius 
\ 

fg[R0]    =    1-e 

2 •    2 

(75) 

(76) 

■vv 
P1:   =    J Jl - e    0 •       ) 6[R0 - y dR0 

=    1 - e 
•=4>2 

(77) 

For the assumed targeting plan described earlier, the    C     may be defined in 
13' terms of    P.     as follows;—'- 

C9   =    3[1 - (1-Pk)3] 

C8   =    2[1 - (l-Pj^)-3]   +    i . (i_Pk) 

c7   -   l.25[i - (i-Pk)3]   +   l-5[i - U-Pk)2]   +    -25 P1; 

^3-1 Mr c6    =    f [1 -  (1-Pk)>]    +    g[l -  (1-P,)^    +    ^ P, 

15 10 - fr-1 - (^n + ä^-1 - c^-) i + f pk 

=  in[i . (1.PJ3]  +  !.[! . cupja-j  +   45 
28 IE1 25 rk 

(78) 

25 [1 - (l-Pvjl + 1.5 P,. 

Cl = Plc 

12/ See 5.7.2.1 and 5.7.2.2 for the development of these functions. 
13/ See Table I. 
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5.T.2 Subsystem Models 

4^ We shall illustrate the development of the per unit kill probability by con- 

sidering only two of the factors of P, , namely, guidance dispersion, and war 

head effects. We shall assume that, 

PNPD = PP = PWH = 1 (T9) 

5.7.2.1 Guidance Dispersion P 

Consider the coordinate system of Figure 14. The  variables "y and y are the 

down range miss distance and bias error respectively. They are measured in 

the "plane of fire" along a line tangent to the earth at the planned impact 

point. The plane of fire is that plane which is defined by the three points; 

the earth's geometric center, the launch site, and the planned impact point. 

ISie variables :: ana H   are the cross range miss distance and cross range 

bias error, respectively. They are measured along a line orthogonal to the 

plane of fire and passing through the planned impact point. 

I It is usually assumed (or demonstrated; that . x - x : and •. y - y  are 

independent, gaussian variables of zero mean. If a^ and a      are the 

respective standard deviations of these variables, then the miss distance 

defined as. 

R k   Vx2 4 y2 (80) 

is distributed as follows. 

1       ^o  VH0V 4,(#
2M^- 

PCH < RJ = 3^h7-        .      e      '-      - y  dxdy       (8l) 
" 0   ^Vy 0-R   J-/ 2 2 

This function cannot be expressed in closed form for the general case 

although it is widely tabulated for specific choices of the variables. 
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PLANE OF FIRE 

GREAT CIRCLE 

TARGET POINT 

Y - DOWN RANGE BIAS ERROR 

X = CROSS RANGE BIAS ERROR 

X = CROSS RANGE MISS DISTANCE 

Y = DOWN RANGE MISS DISTANCE 

PARTICULAR IMPACT POINT 

MEAN IMPACT POINT 

FIGURE 14.    COORDINATE SYSTEM OF MISSILE IMPAC^ DISPERSION 
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For the present Illustration, therefore, we shall set, 

rr   = CT 

:: = y = 0 

Then using 

d .dy = rdrd3 

2 2     2 
;c + y  = r 

(83) 

we arrive at the circular error function, 

prp. < R0] = 1 - e 0 (8U) 

5.7.2.2 Point Target Blast Damage Function 

We shall assume that the fleet is targeted upon point targets; that is, 

targets whose area is small compared to the total area of weapon effect. 

Me  shall also assume that of the three possible weapon effects. 

Heat 

. Radiation 

. Overpressure (blast damage), 

only the latter has appreciable affect on the target. 

Under these assumptions, the target damage function may be expressed as a 

function of three parameters 

Overpressure 

Target hardness 

. Miss distance 

In order to simplify the example, we shall assume the unity damage function; 

that is, the probability of target destruction P^ is given by 

i 1 ; 0 < R_ < Rr 

VKO^=1°;H^\ l85) 

where RT is the so called "lethal radius." Note that the damage density 

13.1 



function is, 

PD[V   =    6[R0 " RL] ^) 
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6.0 mSA ACQUISITION 

6.1 Specification of Data Blenents 

The "basic infomation fron the field -jiiich is reouired to estimate the para- 
14/ 

meters associated vriLth availahility and countdo^m reliability';rT.s a chrono- 

logical listing of the tine (nunner of maintenance cycles fron repair to 

repair) by site and by subsystems; that is, the time (number of maintenance 

cycles) between a repair and the next  no-ßo checkout. This data nay be 

called aTroarent failure data. 
II ■■ T 

In addition to this apparent failure data, it is necessary to record the 

total doi-na time resulting fron each apparent failure. Total down time per 

failure is defined as starting from the instant that the system is declared 

to be failed and continuing until reassignment of the systen (subsystem) to 

alert. 

Also it is necessary to record 

. alert duration 

the duration of an all-go checkout 

the duration of a no-go checkout 

the duration of time from the start of a test to the point in checkout 

at which test decision is made. 

The evaluation of test coverage requires a detailed failure analysis of a 

sanple of rejected equipment. Such an analysis must be conducted against the 

Technical Order or test equipment which led to the rejection in order to 

ascertnin if any of the failures vhich are noted during the failure analysis 

could have been missed and vere, in fact, not responsible for the rejection. 

' 

14/ Certain portions of the launch sequence are not estimable from field data. 
Flight reliability is not estimable -until a correlation has been made 
between ground environmental stresses and flight environmental stresses. 
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In brief, the following infomation is required in order to evaluate and im- 

prove the readiness of systems and subsysteSis: 

location (oy site number and base), 

name (description) of checkout. 

name (description) of subsystem or items or components etc. 

time and data of assignment to BWO status. 

time and date of entry into checkout (failure). 

time and date of each problem encountered in checkout. 

description of each problem encountered in checkout. 

date of bench test of rejected parts. 

results of bench test. 

date of tear-dovn failure analysis of rejected parts. 

results of failure analysis. 

5.2 onecification of Test llethodology 

Because the ICLI". fleets are operational, no discussion '..'ill be given of test 

methodology in the conceptual, definition, and acquisition phases. She current 

document will restrict itself to a discussion of a suitable test methodology 

for the operational phase of system life. 

In principle, it is possible to obtain all the information required to im- 

plement the effectiveness model developed herein. All that is required is a 

complete system e::ercise. That is a practical impossibility. 

Ttie second best approach involves a combination of 

field testing 

normal maintenance actions 

impromptu survey inspections 

special field exercises 

. depot analysis 

. bench test results 

. tear down failure analysis 

special non-field tests 
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recycle to depot 

. YÄFB  launches 

lot acceptance tests 

The point of view adopted with respect to field tests is one of practical 

necessity. The  majority of the data is obtained in the course of normal 

maintenance actions and the improiaptu inspections which are part of the 

current field practices. 

The validity of this data as a true measure of the actual state of the 

fielded system is not an assumption which can he tolerated. Therefore, the 

parameter estimation methods of section "J.O make no such assumptions. 

However, those methods are workable only -when they are supported hy a limited 

number of "special field exercises" and the results of depot analyses and 

special tests not conducted in the field. 

The basic test methodology to be employed in the field is as follows: 

. the time between successive "periodic" inspections on each subsystem 

must be variable, involving at least three different standby periods. 

. a limited number of checkouts must be repeated 1nri.ee (three in a row) 

in a back to bad: to bad: fashion ^rithout regard for the intermediate 

tests results, i.e., repair is not initiated between tests. This is 

done, of course, only when safety permits. 

6.3 Specification of Data Reporting System 

Data on tiie ICBII status, maintenance actions, and countdown results are 

currently reported in the U-82, AR I 66-1, and U-86 data reporting systems 

respectively. A realistic approach to data collection requires a considera- 

tion of these systems. 

t 
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Sie v.c:':,c.  clGnents specified in Section 6.1 above are. currently obtained hap- 

hazarä3^r 'sj rueans of these reporting systeras in accordance \rLtli  fluctuating 

schedules, indicated failures, and igrproriiptu inspections. Ihis erraticness 

is frequently an asset to the calculation of parameters. However, a methodical 

variation in schsduled inspections is highly desirable from the standpoint of 

cccurccy of parameter estimation. In any event, whether they are scheduled, 

or unscheduled, equipment inspections provide information. The  limitations 

and uses of this information in estimating parameters are given in Table II. 
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TABLE II..    DATA AVAILABLE FROM CURRENT AF DATA 
REPORTING SYSTEMS 

Items of Information U-82 ,1,6 U-86 3,T AFW 66-1 8 

Location (by site number and base) yes yes yes 

Name of Checkout no2 
1 

yes no9 

yes^10 Name of subsystem 
k 

yes yes 

Time and date of assignment to EWD yes no no 

Time and date of entry to checkout yes yes date of 
completion 

only 

Time and date of. each problem 
encountered In checkout yes yes 

problem 

Description of each problem 
encountered In checkout yes« yes y«11 

Date of bench test of rejected 
parts no no date only' 

Results of bench test no no yes5 

Date of tear-down failure 
analysis of rejected parts no no no 

Results of failure analysis no no no 

1 "by exception" reporting, i.e., only vhen condition takes site off alert. 

2 was removed from data system recent"".y (November 1963)» Is scheduled for 
return to data system "ahen checkout S.G.C. are detailed in -06 code books. 

3 reports countdown only. 
4. through Work Unit Code correlation only. 

3 available for recoverable items only. 
6 key punched for machine processing. 

7 not keypunched« 
8 partially keypunched. 
9 requires support general code of -06 code and changes to T.Ü.-0020E-1. 

10 no Work Unit Code when checkout only. 

11 cannot correlate checkout AFTO forms and resulting maintenance problem. 

12 can be directed by responsible AMA as a special task for problem areas. 

13 problem -- frequently cannot be correlated to checkout data. 
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The following are currently know deficiencies of these data systems: 

. Alert Status (up-time) is not reported. Instead, the site is assumed on 

alert unless specifically reported off alert (SAC Regulation 66-7, para- 

graph ha).    This leads to erroneous "up" time data; e.g., Walker I was 

assumed "on alert" for some time because no on~ reported it off alert. 

The data files were eventually corrected in this case. In October 1963, 

the F Seiles data for June and July had to be corrected because two weeks 

data from one squadron was received three months late (it had been assumed 

that the facility was on alert since it hadn't been reported otherwise). 

Solution: Go closed loop by having the site report the "Total Clock 

Hours on Alert" in columns 28 ■= 31 of SAG Form 127, each week. This will 

make it mandatory for each site to report the on-off status each week, and 

eliminate the guess work. 

. There is no clearly defined relationship between the "status" categories 

and the portion of the system being tested. Also the same "status" cate- 

gory appears to be used for both a partial test and a complete test. 

. Inconsistencies have been frequently noted between data reported on the 

SAC Form 127 (U-82) and the U-86. In one instance the U-86 reported {& 

countdowns while the U-82 reported 4l countdowns for the same tine period. 

Only ten of these countdowns were common to the two data systems. 

. SAC Form 127 reports have had frequent occurrances of the following types 

of errors. 

. "Total clock hours off alert" for the system does not equal the sum 

of the individual alert degradation times (must be equal by defini- 

tion of alert degradation time). 

. Time gaps exist between end of one category and the beginning of the 

next category. 
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System down time periods overlap each other. 

System is returned to alert without accounting for all of the 
alert time. 

Cards submitted '-ith incomplete information. 

It is our understanding that steps are currently being taJken by SAC to mini- 

mize these errors by having audits made at different reporting levels and in 

greater depth.    The results of the SAC auditing procedures on the quality of 

the data has not yet been determined.    (May 1964) 
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7.0    aPSGIZTGATIOI; OF PAllnl-ETSR ESTIIL'^IC;: lUTIIODS 

T.1    Point of Vlev 

liiere are t'.:o  fundamental difficultios associated '.rith field data •.rith vhich 

all practical methods of paranetcr cstiiiation must .'racceccfully cope;  (l) 

the data usually arises fron fortuitous cysten e;:ercise as opposed to the 

careful planning associated vith controlled e:rperinents, and (2) the judg- 

nents raade regarding the true state of the crjuipnent are not necessarily 

complete, accurate, or timely. 

The first difficulty is frequently a virtue in disgulco; the irregularity 

of the schedule of system exercises may he utilized to ohtain a separation 

of the time dependent system parameters from those vhich are time invariant. 

Indeed, a variation in the time "between e::crcises is ahsolutely essential, 

although a planned variation vould yield hotter parameter estimates "ith less 

data. 

The second difficulty is sumountahle only in a limited sense. Lach of test 

coverage may he compensated for hy means of a tear dovn failure analysis 

program. 

Mistaken judgments may be eirolicitly accounted for and estimated in a manner 

to he illustrated later, had: of system e::ei-ci^e may he circumvented hy 

recycle of field equipment to a &tse depot for special test on a scheduled 

hasis. 

On the other hand, failure to rc-oort, erroneous entriss, inconsistcr.t inter- 

pretations of events, and misintorjretation cf codes, procedyq-as, ct al; re- 

ouire direct action. 

In the light of the ahove comments, the hasis of the parameter estimation 

methods to he developed here may he surmarlscd as follovs. 
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I 

c.  chec.'.ou'u pasces or rejccxs en  i-e1.'. 01 Gr'-iipKienu} c. rejection is HOö 

necessarily a failture, nor does a -jc.zs  necessarily guarantee a non- 

''ailecl s'^D'co'ii« 

■'üCS'1
: coverage is ir-Co:.nlo-l:';. 

iailures arc not necessarily oosei-v-aole at the instant of occurranco. 

7.2 xGChniques of Parameter IJstination -ro;i Jield Data on Periodically 
Gheched 3yGte:as 

T.2.1 Introduction 

Squipraent operation for "pGriodically" cliecr.ed syster.ic is cliaro.rjterised c;r 

time variable nodes of operation defined cy the syotciu Maintenance policy. 

In general, ecroipuent stress levels and failxurc distributions tend to dif-'cr 

between nodes of operation. 

Cliecnout survival pro'ba'bilitlos are ordinarily' ccst considered ■..'itliout 

specific regard for chcclout duration since ecuipnent tests nndon.tedl' inply 

a nirrbure of "binov.dal (event) prooalilitieo and ti;ie dolaycr exponentials. 

Cn the other hand, it is necessary to assune (or determine) a specific di::- 

tribution of failvres for the standby '..lode of operation in order to he aide 

to cor.ipute the ejected tine to failure in that node oi .'. nr./bien.  nierc are 

substantial groxmds for selecting the enponentlal failure dictrihution ".iien 

the population is a heterogeneous nh.ture. as is lilely the sase in co'..ple:' 

GCUlLpnClTO. 

Tlie specific tochniq.ucs of para..:etcr cstl r.tion developed here hinge on the 

varialility of system .x.intene.nce policics/prccedurcs.  Tine varialle systen 

paraneters i.;ay he separated fro:.; tine invariant cystcn paraneters by utilising 

the results of chechouts perfor;x3d subseepcent to standey durations of irrogulai 

length. Ihe results of c.  sequence of "each to oc.ch chechouts pcrfomed without 

regard for the results of the earlier chechouts yields; infomation of use in 

separating certain tine invariant systen paraneters. In the folio:-ing, the 

"tlllbilu1 (»LlmiLjue ^-ie- illustrated. 

:. 

141 



t 

7.2.2    Tille Line Sequence of the Bcaic Periodic Maintenance Policy 

Figure 8  illustrates  a typical   sequence   of information as described by 

field data.    The equipment is assigned to standby for a time duration    T 
St 

(which may vary widely between successive assignments), ax,  the end of which 

it enters checkout. During the checkout -the equipment is ':tested" and 

passed or rejected. The set up, warmup, and test performance tal:e a tine 

o^rc". rov ,_.   „.u   .j.,.......... .;...    Liw    diu. «, time    T_   '  if the system is "no-go".    Tliese 
X '-1 

tines ai-e not necessari-li' equal nor constant from test to test. Demating, 

cleanup, etc., take a tine Tc  for a "go" test. This time may also be 

variable fron test to test. A "no-go" leads to a repair time T  which is 

defined as commencing at the first "no-go" indication and continuing until 

all necessary repairs and rechecks are completed. 

7.2.3 The Concept of a Test 

The point of view adopted here requires that the nature of a test be care- 

fully delineated. Specifically, the test will have four basic properties. 

Tirst, it will "pass" or "reject" an equipment at a specific point in time. 

That is, it is assumed that the test decision occurs at a well defined 

point in time. Second, it will on occasion "false alarm" a nonfailed 

characteristic of the equipment; i.e., it will call a good system bad. 

Third, the test will sometimes pass 0 failed characteristic. That is, it 

-irill not always reject a failure which it presumably is designed to detect. 

A test which does this too frequently is one of poor "quality". The quality 

of a test we shall define as the probability of detecting a failed system, 

given that the system is failed on or before the tine that the point of test 

decision is reached. The fourth and last property of a test is "coverage". 

By coverage we shall mean that not all the possible equipment functional 

characteristics are e::anined by the test. It is assumed that the failure 

of such a characteristic cannot cause the test to reject the equipment, since 

its effect on the equipment is indeterminate from the test. However, we 

shall further assume that all equipments which have failed in this manner 

will be eventually rejected by either a false alarm or by the detection of 

a failure of an observed characteristic of the equipment. 
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These concepts may be readily formalized as follows. Assume that at the 

point of test decision the test acts instantaneously to partition failed 

equipments from nonfailed equipments as indicated by the partition of 

Figure 15. Consider the action of the test at this point in time on a total 

of H = H. + llp + !I_ + Kr + H,. + Ng equipments all of one kind.  (Alternatively, 

one equipment may be tested II times in succession and may be either good 

or bad at each test.) Let 1L + K_ be the true number of nonfailed equip- 

ments. Let H_ + Ih     equipments have one or more failures -rhich are inherently 

detectable; that is, they contain failures emong the essential character- 

istics which are e:;Bmined by the test, but they will not necessarily all be 

detected because of "noise" or because some of the failures may be marginal. 

In addition let there be N,. + Ng equipments which contain no failures among 

the characteristics which the test e:smines, but which do contain one or raore 

failures among the characteristics \/hich are not eicamined. We may now make 

the following definitions if the total number of equipments being examined is 

very large 

N + II 
PLGjt. + T ] = -r = = m-obability of no failures of 

K C, D ~ ,..„ -   ...      ... ,       ,    ,-, 

Y 
i=l 

K3 + V.k 

any kind at   t = t,  + _ 
i 

P[B,;t-   + T    1 =    ^r     =    procc-.oility of one or norc 
1 ^, xailurcs ox  tnc    dcicctr.blc 

)     11. in principle" t^-pc at t 

1=1 .:        c^ 

V.^    +     11/- 
pTB ;t,   -> T    1 =   —r  =   nrobability of one or more 

1    ^ failures that a.re "inherently 
)  IT.    undctectable'; at t = t, + T . 
;_.  i k   c, 
i=l 
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XIICDC rjcrtitions of the true facts concerning the stetes of the equipments 

at the instant of test decision are shovn in the left hand ooxes of Figure 15. 

The right hand oo;:es of Figure 15 shov the partition of the equipments -.Thich 

result as a consequence of test decisions. If a' is the probability of 

calling any nonfailed characteristic had, given that it is ejzarained "oy the 

test, then ve nay vrrite 

i'2 a   = « rr-     = false alarm probability 
^1 ■'  i!2 

ana 

o;' = = r:—- „   = false alarm prohahility 
5  o 

There is no physical reason to presume that a •/ a1, hence, we shall write 

without further 'justification 

_ ,.i 

T..re further define a parameter p 

.   h 1 - P = ~—' ■ '.y  = probahiiity of catching an 
J,3  'k "inherently detectable" failure. 

ilotice that the question of test coverage has been accounted for in the 

above by introducing the notion of an "inherently undetectable failure." 

7.2.4 The Probability of Passing a Test 

We are now in a position to rigorously define the probability of passing a 

test. Let, 

P,  = The probability that the inherently detectable equipment character- 
g   istics are good at the beginning of the standby period. 

P,  = The probability that the inherently detectable equipment character- 
s    istics survive the standby period; given that they were unfalled 

at the time of assignment to standby. 
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P.   = The proLaoility that the Inherently detectable equipment character- 
o,    istics survive chechout up to the point of test decision; Given 
'1 that they are nonfailed at entrance to checkout. 

P   ^ The probability that the inherently undetcctable equipnent character- 
g   istics are good at the beginning of the standby period. 

P   = The probability that the inherently uncletectable equipment character- 
us    istics survive the standby period; given that they were nonfailed 

at the time of assignment to standby. 

P   = The probability that the inherently undetectable equipraent character- 
c,    istics survive checkout up to the point of test decision; given 

that they were nonfailed at entrance to chechout. 

The probability that the equipment will be nonfailed at the point of test 

decision is, 

P   P,  P,   P   P   P (öT) d   d   d   u   u   u 
S   s   c ■ ■ g   s   c1 

The probability that the equipment will be failed undetectably at the point 

of test decision is, 

P,  P,  P,   (1 - P   P   P   ) (00) d   d   d   v    u   u   u  • 
g   s   c1       g   s   c, 

The proability that the equipment -trill be failed detectably at the point of 

test decision is, 

1 - P   P   P (OQ) 
d   d   d g   s   c1 

The probability of passing the test PFP] is, in general, 

P[PJ = (probability of being good at point of test decision) x 
(probability of no false alarm) + (probability of being 
failed undetectably at tho-point of test decision) x 
(probability of no false alarm) + (probability of being 
failed detectably at the point of test decision) x 
(probability of not catching the inherently detectable 
failure) 
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PfP]    =    P.,      P.      P.        P        P        P (1 - c) 
* - d       a       d u       u       u 

ß 3 CT G 0 c 

•i-    P.      P.      P,       (1 - P        P        P       )  (1 - u) a        d        a       v u        u        u    '   x 
rf c\ n r? e (■> 

(l    -   P, P, P, ) v d       d       d    ' 
rr c r* 
^        " 1 

PTP]    =    ;■.-;-?,      P.      P,      (1 - a' - p) (90) d        a       d      v ' v 
ri* o p 

7.2.5    Ila::r-u-uii Liltcllhood gstlxmtG of the Proor.'oili oV of Passing 0. Test 

Let it bo  supposed that ve have    II    Tield reports listir.3 

the duration of standby 

the recults of the subsequent checkout• - 

The e:riectcd nui.jbcr    (s)    of these reports   that indicate a test success ii 

given by 

s    =    II P[PJ 

(■■- - 
I -- 

IP    s    is the acturf- niiabex" of test successes in ■ehe    II    attempts,  then the 

ina::inur.i lihelihood estiriate    P[P i    of    P-_P]    is, 

P"P"      =      TT (92) 

Unfortimate.^ this estr.^atc does not separate the variables. 
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7.2.6 Use of Variable Standby Duration as a Means of Variable Separation 

Tlie probaMlities of Equation (90) raay be separated if control can be ex- 

erted over some factor upon which the probabilities are dependent. A 

likely candidate is the duration of standby. If the failure distribution 

in standby is eirponential, then 

'\i  XB 

Pd  = e  s (93) 
s 

and if T  is variable, then \*      may be estimated. For esauiiple, suppose 

that the field data can be subdivided into three groups for each of •which 

T  is constant but unequal between groups. Specifically, if the various s 
values of T  are T, 2T, and 3T, and if there are l-L, U ,  and M 

reports in each group, then; 

■Xd T 

^ = P + e  
S  Pd  Pd  (1 - c - ß) (94) 

1 g1 ^ 

-\ ^ 
— = P + e  s  Pd  Pd  (1 - a  - 0) (95) 
-2 g2  c1 

s        "Xd 3T 

^ = ? + e  
s  Pd  Pd  (1 - a- 0) (96) 

3 g3  c1 

where s,, s , and s  are the number of successful tests in each group and 

where P,   = ^a   = Pri   ^  "there is no regularity in the succession 
On        op        So 

of T, 2T, and 3T on any given equipment. Equations (9^), (95)» and- (96) 

rnay be readily combined to give; 
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Sl    s2 

h M0      
+Xd T 2 s      i ,  . 

= e     = ^W (97) !2   Is P., CT3 
'2 " M3 

■d 

provided that X ,  s1, s , and s„ are not equal to zero. 

So that, Step 1 

Sl S2 

\., =    k   in h    ' ■ u2 

d T s„ S-, s 2 3 
■■•2    ' i.i3 

(93) 

and   Step 2 

A 

P 

82 -  Sl- P 
M2          !1L      ds 

( 

1-^ s 

and    Steo 3 

c ä P,      P,      (1 - a - a        d      v 

(99) 

- ß) » (ri - O -i- (100) 

* 

1 Fd 

Thus, three different values of T  in the ratios 1, 2,  3 allows a unique 

separation of the standby failure rate and the lype II statistical error of 

the test and a certain composite parameter. Ho further separation can be 

achieved by variation of the standby duration. The method just considered 

is, of course, hopelessly optimistic. It is too much to e::pect the nice 

neat ratios T, 2T, and 3T for T . The method must be generalized. This 

can be done. Let N. be the number of test failures out of 11. attempts 

where T  = T.. Then it is reasonable to search for a value of X, si d 
which will minimize 
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'"''l      1K1   'J~      ■'      id„' i" "d    "a 
-;._.-; ^ 3 c;-i 

3)} ]2 (101) 

Tiir/i; ic, ve cccl: that value of    X,      whicli rainiriiizes the s'ura of the squares 
s 

of the dirfercnces "between the observed number of test failures and the pre- 

dicted nuriber of test failures. 

The laathenatical problen is to nininise the function G, regorded as a 

function of ;3, X, , and the coraposite parameter P, P (l-a-ß) 

suo^cct 'co one constraints 1 

0 < P   Pd (1 - c - ß) < 1 (102) 
Cl  g 

A,   >  0 
a  — 
s 

A specific satisfactory approach to the solution of this prohn.eni is to keep 

the partial derivatives of G equal to zero and test the function values 

of G for a nininuni while increasing Xd  from zero. It should be noted 
s 

hovever, that at least three different values of the T. are required, 

but they nay be in any ratio one to another, 

7.2.7 Use of Sack to Bach Checkouts in Bffecting Separation of the Variables 

Additional separation of the system parameters may be accomplished if a 

sequence of back to back checkouts is performed without regard for the in- 

termediate test results. Consider, for example, the situation depicted in 

Figure 16. 
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T        M - T     —»*—T    —►*- 
C2     i        cl      '        C2 

-A. 

FIGURE 16.    A SEQUENCE OF TWO-BACK-TO-BACK CHECKOUTS 
OUT OF STANDBY WITHOUT REGARD FOR THE 
FIRST TEST RESULTS 

The probability of passins the first checkout is given "by; 

Ti = p •'-  pd pd Fd (1 - a - ,:) (103) 

If the test results of this checkout ere ignored (but noted) and the cquiip- 

raent is immediately retested, the probabjlity of passing the second checkout 

is given by; 

fl = ^ + Pd  Fd  Pd    Pd  ^ 
ß   s   c1    c2 

:) (104) 

If we now utilize the estinate of p obtained fron Equation (92)^ then ^Te 

have. Step k  . 

Fd  Pd 
Cl  C2 

= P. 
li ■ - 3 

(105) 

H 

It should be carefully noted that T   and P,   are assumed to be a 
C2      dc 

necessary prcliiainary physical fact   of     2 retest. 
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r.o\r conoidcr Ulf^ure    1?  which illustrates  the    situation of thrcG cliccliout 

bac]-: to bad: ".ätliout rcr^rd ^or the intci^icdiate tc fvnT.   y*r> <J yj     i. >Jo LL!, U>J 

-tU- T   —♦U--T 
c2 

-*<  T. 
C2 

3 

.TsA 

FIGURE 17.    A SEQUENCE OF THREE CHECKOUTS BACK-TO-BACK 
WITHOUT REGARD FOR THE INTERMEDIATE TEST 
RESULTS 

The probability of passing the first test is given by 

=    ■'    +    Pd      Pd      Pcl ^ 
G        s        c1 

■)) 
(106) 

The probability of passing the second test 1c given by, 

P,   P,  P,     P-    (1 - G' - y) (107) 
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I 

The probability or pascins the third test is given oy: 

-I = ß + pd pd pd 
3Pd 

2a-c--:0        (loo) 

The prooability of po-Gsins the first test and failing the saoond test is 

Given "by; 

K = (1- P)   { ■'+  P, P. P,  (l-c- .) ' M   v   ' ' I    cl  d  d 
':*   n   c 

P. P. Pn  
2 P.   (1 - c) (1 d  d  d    d G  G  ^   c2 

(109) 

where II is the nuaiber of such successive attevrnts and K is the nwiber 
T.rhich pass the first and fail the second attenpt. Conbinino Equations (IOJ), 

(107), and (108) ve have Step 5, 

Is.    !! 
c,  c0     c      12 '1   2 

and an alternative to Sten 2. 

M 

s s s    2 
J:     >2   _    (-^) 

fj   =   —ü b ii  (m) K s s0      s„ v       ; 

-r; - e -77 + -r? 
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and an alternative to Step 3- 

/\ ,J1      02N2 ^ - ¥ 
::   =    [P     P     P        (l-a-ß)j    = " ,    l-   - (U2) 

MM        LI 

Combining theae estiraates with Equation (109) yields an estimate of c, 

Step 6. 

V A ^ ^ 

ii- (1 - 3) (3+ ::) 
a   =   1 + Ü ^r^  (113) 

d c 

VirH Also note that, 

Cl 

ana 

L d      d      d    _ '_K'l        Z'    d      rl    _ (lib) 
5      "       Cl 1 

If ■.;e räche the assmrotion tha 

p 
r Pcl d c. c 

1 

(117) 

o.      d      d    J     =     r 
"     -1 1 - a- -  3 

If the three checkouts are conducted innediately folloi.'ing repair then 

Pn    P-      is raplaced vith    (u, + a_)    so that 
d     a * v^x      ■ 3 

IX       s 

^i >    [(^ + p,3) Pd        (i - a- - 3)] (115) 
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•."nere    r    lias c. l:no'm or assuned value,  then Step 7. 

v 1 i'    d      d 

ij,,   +   a0    - 

rPd    Pd 
C E 

S C 

(118) 

or 
- d      d      d S      s       c 

(119) p — ._. _J_ 

0 
X pn Pn c 

T,2.C Tlie Role of Failure Analysis 

Svaluation or ij,_ P  P  and X  requires a limited amount of "coranlete 
j  U  u      U 
EC 

failure analysis" of field rejected items. This must he accomplished, in 

con.iunction vitli examination of the procedures used to accoraplish field 

testing. 3y ,co/.inlete failure analysis" it is meant that field rejected 

items are to he examined for every functional characteristic that is con- 

sidered to he essential for proper operation of the equipment. In general, 

of course, one or more of the examined characteristics will indeed he 

failed.  To determine whether any given failed characteristic falls in the 

"inherently undetectahle" category it is necessary to answer a specific 

question: If this characteristic failed in the field, would field testing 

discover the failure? A negative answer implies that the failure is in- 

herently undotectahle in the field. 

To quantify test coverage, which is a function of p.-, X. , and P  P 
s  c 

two items of information are required: 

. The number of maintenance cycles from previous replacement/repair to 

the current rejection. 

Failure analysis of the rejected item to determine the existence or 

non-existence of inherently undetectahle failures.  (Multiple failures 

of this type in a rejected item are counted, as a single failure). 
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The specific da«a to be collected is as follows; 

The nurfoer (li) of itcno rejected fron the field on the hth checkout 
> 

subsequent to repair. 

•The number (r) of the II rejected items which have an inherently un- 

detectable failure. 

In general, if the counts for the l:th checkout are denoted by Li [k] and 

r [kl and the counts for the jth checkout are denoted by II[j] and 

r [j]; ^en^ 

1 

P p  = r M Ck] - r [k]  ,: rjß     f* (l20) 
u  u c M Lk]     II [J] - r [j] J 

For e::anple, if we have information on iteus rejected after one (j=l) and 

two (k=2) maintenance cycles, then we have Step o. 

s  c       1» L2J     i. 1.1 j - r Li) 

^ ^ T ;- T    :: In -  T  " (122) 
LP  P 1 u  u 

s  c 

if information is available for several k and j, an average nay be taken 

of the PUs + Pu 

nia^' be used. 

A conservative (pessinistic) estimate of the probability of leaving repair 

with an inherently undetectable failure (vi^) is also readily found. We 

have. Step 9» 
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[1V! Ü ^  ^    {rP    %    l| 1: = 1,   2,  etc. (123) i'i il:J L   u     u   J '    ' 

Sie e3ti:mte of the probability les.vj.ng repair is nov obtained frora Step 10. 

i =        [(iV,    -r    1J,,]        -        m (124) 
~ -1- _< _) 

7« 2.9 Itetirgaticn of Pgn1-".! 

Actual launch attenpts are not lilielj' to he initiated from operational sites 

for a variety of reasons. Therefore, a secondary source of data must he 

used. Simulated countdowns in the field may he used as this source, the 

data being processed in accordance with Step ^ of the previous section. 

However, it raust be recognized that the estimate obtained in this way must 

be corrected by data on pyrotechnics and the engines. 

7.2.10 Estimation of P [t/L] 

Sie probability of completing a launch in time t or less; given that it 

is completed successfully may be determined directly from field data. 

Order the M observed durations t_ of successful attempts in increasing 

order, 

tT  < tT  < t,  < . . . < tT Ll    L2    ^3 hi 

Associate with each    tT      an empirical probability number   j '■.; "  r.    Plot 

the number pairs 

TL. '     :■:■■!   i 
i 

on any convenient type of graph paper. This plot is the empirical proba- 

bility that a successful launch attempt will take a time t or greater 
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to coniplate. One minus the plot is the enoirical probability that It "Jill 

tal-e a tine t or less to coinplete a launch; given that it is conpleted 

successful 1y. 

J, 3 SvaMSxy'  of Bstiraates in Terms of Tast Methodology 

Table III summarizes the conditions of test and the parameters which may be 

estimated from the tests. It should be noted that there is a considerable 

degree of useful overlap between the various tests.  It should also be noted 

that P,  and P.   are not separable by any of the test methodologies 
Cl      C2 

considered. 
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u.l l,"ui'.icriGr.l ..^/tiluatlon 

It is assujisä thc.t those steps upon ".rlucli we lic.ve touched only briefly (1.0 

through T«0) have been successfully completed.  wre are at this point in 

possession of estlniates of all system parameters and are ready to e::ercise 

the nodel. 

6.1.1 List of Parameter Values 

It is assiuasd that tasks 1.0 throu<jh J.O have been acco.irolished with the 

results listed in Table IV. These are initial best estimates for the system. 

8.1.2 availability 

8.1.2,1 Steady State Values 

Table V lists the results of the availability r.icdol exercise by subsystem 

(and by systera) for the initial best estimates tabulated in Table IV. It 

should be noted that the true availability is considerably less than the 

airoarent c.vaLla...:..Lr/.:; 
— ^  ■ i 

is given by; 

«.. V i—LJ.<..i ja."oy vecoc; ^c.sec. on -one -ürue avcix;; 

10 

s 

1.39 

1.59 

10 

10 -3 

1.052 x 1Ö 

U.U9 x 10"2 

.12T8 

.2^2 

.296 

.210 

.067 

(1.25) 
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TABLE IV.    PA1 

AVAILABlB 

SUBSYSTEM 

O           1 " "' "l "3 'r 
r 
ci 

T 
c 

A — — 0.99 —         | — — — 1 

1            B 0.1 0.01 0.9 0.1 0 0.333 0.04 0.04 

1 
1 

|           C 0.05 0.01 0.99 0.005 0.005 0.1 0.05 0.1 

D 0.01 0.01 0.985 0.01 0.005 3 0.05 0.1 

1           E 
0 0 1.0 0 0 10 0.1 0.2 

F 0.01 0 1.0 0 0 1 0.5 0.05 

G 0.002 — 1* 0 0 - — — 

1            H 0.1 — 1* 0 0 - — — 

I     I CDEF | 
1 

: AS INDIVIDUAL SUB5YSTE 
C = 0.1 E=0.3 
D =0.1 F = 0.6 0.6 

MISCELLANEOUS SYSTEM PARAMETERS 

• TCTO 

1 

i 

0o 

= 60 

■ 1 

WARHEAD YIELD 

•UNITS ARE DAYS, PER DAY, AND PROBABILITY 

1 



TABLE IV.   PARAMETER VALUES^ 

AVAILABILITY 
'   1 

COUNTDOWN                         1 FLIGHT 

r T 
c (TcV       1 

\ 1 K Vu 
e Ad 

T.. XCD         ' L "c $ Tf X' 

— 1 - — 9.13 X IG"4 - 364 

( f 
0.125 1 

.3 0.04 0.04 6.94 X 10'3 1 0.02 0.2 0 — — 10 0.125 

0.05 0.1 — 0.» 0.02 0.2 0.002 - — — 0.125 

0.05 0.1 — 1.0 0.005 0.05 0.0005       
0. 25 

1 
3 0.125 

SEE Xc ■o 
0.1 0.2 " 1.0 0.0005 0.0005 0 — ~— "~ o 

d 
1 

0.125 

0.5 0.05 1.0 0.002 0.02 0 — — — 3A 
C 

1 
— — — — — — 0 24 0.02 — — 

- — — — — — 0.01 24 0.2 — ( 1 | — 
C-0.1 E=0.3 

j, D =0.1 F =0.6 0.6 '      SAMF A<; INDIVID1IA1  _ 30 
1        SUBSYST EMS 
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TABLE V.    AVAILABILITY OF THE SYSTEM BY 
SUBSYSTEM,  et al. 

Subsystem 

TCTO 

G 

E 

A 

H 

<GDEP> 

A l!>] 

0.9 (84) 

0.9 (78) 

0.S (50) 

0.8 ^1) 

0.T {ho) 

0.5 (11) 

A r=o] 
u" To (days) s 

0.984 - 

0.978 - 

0.991 10 

0.997 36^ 

0.771 - 

O.962 30 

oyGoc;.. "jruo avcixcj: A r^"  =  0.2 (60) 

Systera apparent availability    A    ["]    =    0.7 (05) 

8.1.2.2    Au^ncnted Availability 

lluraerical integration or Equation (32) provides a curve of augmented 

apparent availability    PyLl"]. 

'.men this curve is multiplied by the factors indicated in Equation (3^), 

the true agunented availability is obtained. These two curves are shoim 

in Figure  18.     It will  be  noted that the  alert  status  is  not  markedly 

ir.iproved by the change in policy    (Asi>J    =     .260    as opposed to 

^SLM  i = .31 I' 
I   na:: 
)   (T = 1 day) 
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8.1.3 Countdovn Reliability 

We shall demonstrate the technique of countdown reliability prediction for 

-the re-entry vehicle only. All other subsystems are handled in an analogous 

manner. Referring to Figure 6 we have; 

R(t) = e-3-8 -  10"6t |u(t) - U(t.U) (1 - e-1'6 * ^W) \ 

x .U(t) - U(t-6) (1 - e15 :: 10" (t-6)) 
(126) 

6> 
xUt) -U(t-6.5) (1- e"10" (t"6-5))] 

-6 
x|U(t) - U(t-7.5) (1 - e"20 :c 10' (t-T-5))2j 

Where t is in seconds. 

Prom the weapon system summary, the density distribution of the duration of 

countdown is given by. 

p(tpJ = L e-L(t-9) U(t-9) 'CD (12T) 

•=■ = twenty minutes 
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Then, 

^W = J0 ^W 
R(W d ^D = 0'^53) (128) 

£inilL\rly, ujider the assumption that checkout failure rates hold for count- 

do-im, we have the results shown in Table VI.  The figures shown are best 

estimates. The last two digits are not considered to be significant but 

arc retained to reduce round off errors in calculating the net countdown 

reliability. Assuming subsystem independence; 
H 

PPJ."] = 1!  R' = o.9{hh) 'CD i=A CD (129) 

TABLE VI.    SUMMARY OF COUNTDOWN RELIABILITY 
PREDICTION BY SUBSYSTEM 

«. 

Subsystem 
Designator 

A 

B 

C 

D 

E 

F 

G 

H 

Subsystem Countdown Reliability (Rp^ ) 
CD-' 

0.95(300) 

0.99(720) 

0.99(720) 

0.99(935) 

1.00(0000)" 

0.99(975) 

0.99(975) 

0-99(720) 

1.1.- Flight Reliability 

As a result of ground tests conducted under flight similar conditions of 

vibration and temperature, it is estimated that the flight stresses exceed 
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normal checkout stresses by a factor of three, except for structure and pro- 

pulsion which are markedly greater. Performing calculations similar to those 

illustrated for the re-entry vehicle in countdown we have the results tabu- 

lated in Tahle VII. Assuming subsystem independence, 

E 

P  = 'Tf R/ = 0.7 (84) (130) 
i=a 

TABLE VII.    SUMMARY OF FLIGHT RELIABILITY 
PREDICTION BY SUBSYSTEM 

Subsystem Subsystem Flight. 
Designator Reliability (Pf ) 

A Ö.9 (20) 

B 0.9 (52) 

c 0.9 (71) 

D 0.9 (89) 

E 0.9 (32) 

8.1.5 Dependability I-iatri:: 

2hc conponents of the dependability matri:-: are given by, 

dij = CioIj Rl0"J (1-R)J"i' i = ^ 2* • • ., 10 J > i < 10 
(131) 

where for the specified reaction time of two and one half hours we have; 

(132) 

di(5 = 0 ; J < i 

R = PCDi>l Pf = 0.9 {hk) x-0.7 (84) 

= 0.7 (40) 
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* 

For shorter time periods and permitting only one co'ontdovm attempt, 

R(t) = 0.7^0 (1 - e  30 ) u[t-9] (13:/; 

This function is plotted in Figure 19a. 

If two countdown attempts are permitted, and if the site survives enemy 

counter measures, then the probahility of launch is given hy, 

r n  r  ,    . -3.18(T -.15)     -.125(T -.15) ] 
PT[T] = 0.524 - .23^ e     c    -.290 e     c    ' •Lu c- 

•.125(T ».3)      -3.18(T -.3) 
. x U[T -.15] + 1 QMh -  .453 e     c   - .131 e     C  /,,,,-, 

-3(T-.3) -3.18(T -.3); 
+ .189 e   c    - .030(T -.3) e     c   ■ U[T -.3] c >   c 

Öäs'function is plotted in Figure 19b. 

It should be carefully noted that it has been necessary to combine countdown 

with the readiness vector in order to perform this computation. Since this 

violates the original intent of this memorandum. Equation (!:>';•) "ill not be 

used. 
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8.1.o Capaoillty 

Tlae best estimate of the standard deviation of raiss distance is one mile. 

The  lethal radius for the tarcots under consideration is also one rolle, 

and a unity damge function is considered to he a reasonable appro::iiiiation 

to the veapon effects, therefore, the per unit probability of kill is, 

P,.    =    1 
-R,2/2a2 

(136) 

' 

=    1 - e"'5    =    0.Sa- 

lience, the capability vector is frora Equation (78) 

2.33^0 

2.I09O 

2.0205 

1.82D3 

1.6043 

1.3522 

I.O679 

0.7^92 

0.39^0 

0.0000 

(137) 

8.1.7    Sheeted Kill    (E) 

Ine ezpected kill is given by, 

A" [DJ    C (133) 

'..here A is defined by Equation (125),  M is defined by Equation (135) 

and C is defined by (137). Performing the indicated iiroltiplication. 

E = 0.O32 (139) 
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There is, therefore, less  than a fifty-fifty chance of destroying one of the 

three targets on which the squadron of nine ICBM's is targeted. 
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III.     iiPPLICACTOi: Qj? I-IODBL R^SUL^G 

i.o   coi^^jzrrz SYSEIS /UIALYSIS 

1.1 Conpc.risor. of 'Zeat  Bsti'..iate •.rith S.O.R. 

Tcolc VIII lints the syotG:d GStiactes obtained fron the model. Tchle IX 

rp-vos the c;_Toort:Lon:lent of readiness cud reliability from the S.O.R. 

1.2 ^I'i'ht Reliability Raided "'-y Subsystem 

'fable X lists the flight reliability of the subsystems in order of increasing 

reliability. 

1.3 Countdown Reliability Ranhed by Subsystem 

Table XI lists the countdown reliability of the subsystems in order of in- 

creasing reliability. 

l.il- Availability Ranhed by Subsystem 

Ta'.v.o V lists the availability of the r.ubsyjtens in increasinr; order. 

TABLE VIII.    SOR REQUIREMENTS AND MODEL OUTPUTS 

PP TTi.mo'hpf SOR Requirements Model 

I-Iin. Accept. Obj. Value 
Output 

C!» 0.5 0.9 0.260 

PCD 0.8 0-95 0.9 (MO 

Pf 0.7 0.9 0.7 (810 

\ 0.8 
i 

0.9 0.39^ 



TABLE IX.    SUBSYSTEM APPORTIONMENT AGAINST SOR 

Parameter    j. SOR 
Equal 

Partition 

Availabiliu;/ 

(9 subsystems) 

Mln. 

Obj. 

• 5 

• 9 

0.9259 

O.988U 

Countdown 
Reliability 

(9 subsystems) 

mn. 
Obj. 

.8 

• 95 

0.9657 

0.99^3 

Flight 
Reliability 

(5 subsystems) 

Mn. 
ObJ. 

= 7 

i   '9 

0.9312 

0.9791 

.. 

TABLE X.    FLIGHT RELIABILITY BY SUBSYSTEM 

Subsystem ^ 

Re-entry Vehicle 0.9(20) 

Structure 0.9(32) 

Guidance 1      0.9(52) 

Autopilot 0.9(71) 

Propulsion I     0.9(89) 
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TABLE XI.    COUNTDOWN RELIABILITY 
BY SUBSYSTEM 

Subsystem 

Re-entry Vehicle 

Guidance 

Autopilot 

Power generation and 
distribution 

CD 

0.95(300) 

0.99(720) 

0.99(T20) 

0.99(720) 

Propulsion 0.99(935) 

Air conditioning 0.99(975) 

Overhead door 0.99(975) 

Structure 1.0000" 

2.0 Parcjuotor Tcriotlou Study on Availc."jillt'' 

Exanlnatioa of the availability vector, Equation {123),  the copahllity 

vector (137) and Tables VIII, IX, X, and XI leads to the conclusion that 

system availability and per unit prohabllity of kill are veak as comnared 

to system reliability. Accordingly, ve institute a parameter variation 

analysis of these two factors in order to assess the potential for system 

Improvement. We shall only perform a limited Investigation here, stressing 

the inoortance of the proper checkout periodicity for availability and the 

effect of ^aidancc accuracy on unit kill probability. 

2.1 Subsystem Availability 

2.1.1 Subsystem A 

Figure 20 Illustrates how the availability of the re-entry vehicle varies es 

a function of the replacement cycle length T . A substantial gain in 
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T^ (DAYS) 

FIGURE 20.    AVAILABILITY OF RE-ENTRY VEHICLE AS A 
FUNCTION OF THE REPLACEMENT   INTERVAL 
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availcroility can oa achieved by recycle ox the re-entry vehicle every forty 

j to firty days as opposed to the planned recycle of one year. 

2.1.; iiUDE ■.•con 

Tigure '21  illustrates the    variation of guidance availability as a function 

of standby status duration    T "J.    Tue optivjuin standby InterrcJ. is of the s - 
order of 2.5 to 3.0 days as opposed to the planned duration of ten days. 

2.1.3    Subsystems CDS? 

?i[iures   Z2 through  26 illustrate the potential increase   in availability 

of üubsysteros C, D, E,  and F.    It is clear that Subsystem C and D should 

not he checked as infrequently as thirty days.    Specifically, we have the 

follo'rina optiuum standby periods for ina^inum availability. 

I 

TABLE XU.    OPTIMUM STANDBY DURATION FOR 
SUBSYSTEMS C.  D,  E,   F 

Subsystem 
Alert Duration 

(in days) 

A1 [«] 

Availability 

C 3 .830 

D 3-5 .882 

E 30 1   .982 

F 10 1    .982 

1" >' ,    _     .. 

Subsystem G requires little or no irroroveraent. 

:; 
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I 

2.1.5 Subsystem II 

» uLicnnos Table XIII illustratec the potential sains ariain^ fron various 

the power generation and distribution. Substantial changes, in false claiT.i 

rate {a)}  detectable failure rate (X-,), and the undetcctable failure rate 

{\ ) vlll be required to achieve the apporbionncut (ccmal availability 

partition) cited in Table IX. 

! 

TABLE Xin.    EFFECTS OF ALTERATIONS ON 
SUBSYSTEM H 

* 
Parameter 

! 

,Hr    .               ! 
A    L'J.I 

1o 

Current ] 
estimate   i 

Proposed 
change 

CHiange 

'Jo change - - O.T1« - 

lA '   u 100 CO O.765 2.03 
l/a 10 00 0.788 6A9 
l/(^Xu) j      9.09 00 O.81U 10.00 

^h 5 50 O.825 11.50 

V(0M-Xd+Xu) 7.69 50 O.981 32.6 

* Units are days or days "between events. 

<;. .c      .t J-    '-■—^   1—.. .-. 

Figure 27  illustrates the way in which per unit kill probability varies 

Lth the ratio    (ll../a).    To achieve the ■.;i::i:.',u:.: 
j-j 

.(=.0),    IL/c    vrost increase fron its current 

;hicve the ob.jectiAre value (=.9)>    ^V/^   vract 

acceptable vc 

value of unit; 

increase to 2. 

'00   .1 

Figure  28 illustrates the  effect of alternative targeting policies.    It 

•JVI be noted that it currently tcCccs 3     lainsiles to achieve the or.pectcd 

]:ill that accurcs to a fleet for which   P.. =  .0, and it tahes five riisciloE 

to achieve the ecuivalent effect of    P,. =  .9. 
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FIGURE 27.    VARIATION OF UNIT KILL PROBABILITY 
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FIGURE 28.    VARIATION OF EXPECTED KILL AS A FUNCTION 
OF THE NUMBER OF DELIVERED WARHEADS 
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The decision to "be rcBäe here is '.rhether it is less costly to 'buy More raissili 

or to double the guidance accuracy. 

3. o    xtecalculation or    B    Based on Potentis.! S^steu Ir,rprovei.ieiits 

'Sohle XIV suramarizes the readiness figurss which can   accrue from revised 

checkout Deriodicity. 

TABLE XIV.    EFFECT OF REVISED CHECKOUT FREQUENCIES 
ON SUBSYSTEM AVAILABILITY 

Subsystem 

T
S 

(days) 
_i [co] 

A 60 0.9^75 

B 3 0.8924 

C 3 0.830 

D 3-5 0.882 

E 30 0.982 

F 10 0.982 

G - 0.978 

H - 0.981 

TCTO (combine 
i    with U/M) 

1.00 

<CDEP> i      3"5 .684 
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1±  TCTO work is coribined with unscheduled raaintenance and/or scheduled check- 

out, and if subsystem < CDEF > is checked out every five days, then 

A   M = 0.555 (1-C) 
3 

If all subsystems are checked independently at their optimum periodicity, 

A  [»] = 0.572 (lill) 
s 

If the guidance dispersion is cut in half by redesign, etc., then 

Pk    = 0.865 (1^2) 

which exceeds the minimum acceptable SOR value. 

Recalculation of E "based upon Equations (1^0) and (142) yields the results 

listed in Table XV. Further improvement can be obtained by targeting more 

missiles per objective. 
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TABLE XV. EXPECTED KILL FOR VARIOUS SYSTEM CHANGES 

Pro-Dosed Alteration 

No alteration } 0./.C 
Checkout frequency optimized I ;.,r:; : 

Guidance accuracy iuiproved i " .; jf 
i 

Both optimum frequency and guidance improvenent   j 2.?J'J 

Development of an algorithm for determination of the optimum policy for 

weapon system improvement/deployment is beyond the scope of this document, 

but it is clear that schedules, cost, technical feasibility of the proposed 

changes expected weapon system life and a host of other factors must enter 

at this point in order to arrive at correct management decisions. 

:: 
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APPENDIX   I 

of 

EXAMPLE   B 

Weapon System Capability; Availability 

Models and Parameter Estimation 

I 
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This appendl;:,-.iiiicli is a paper delivered to the Aerospace reliability and 

ilc.intaina'bility Conference, May O-U, I9S3,  'Jashin^toii D.O., descrioes the 

cnr.lyticr.l techniq.'ues i.,iiich have been used to develop the models for availa- 

hility given in the 'boöy  of thic report. 
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WEAPON SYSTEM CAPABILITY : AVAILABILITY MODELS 
AND PARAMETER ESTIMATION 

Alfred J.   Monroe 
Section Head WSC Group 

Space Technology Laboratories,   Inc. 
Redondo Beach,   California 

Introduction 

; 

Bnckgrouivl 

The design n,nd development of weapon eyeteme 
han brfidltionnlly crowded the  "state of the art" 
In materlftln, dovl.ces,   and physical principles. 
In recent timec> deeii^nero h*ivo "been faced 
ftl*ftUl*j**.ncously wl^h Increnslncly novel demands 
«tV.'! #**^ *#** »wtv- llYslted wnounte of test data. 
feek-lWWAftW W-'WlV^ents almoBt invariably Incite 
?V)*^ln* JW^UT» ftM rcGponpe time liialtB which 
cfthhöt fe« Wit »ItKc-Vit a tlr^it integration of per- 
sonnel,  pröwihiftfi,  and hardware.     Furthermore, 
»odern weapon systemo nrc rapidly becoming'one 
ahot" devices providing little opportunity for 
obtalnlnp operational usage data,  either in kind 
or in quantity.    A culmination of these factors 
is most clearly evident  In  the current ballistic 
missile programs.   Not only have economics and time 
schedules  frequently conbined   to  frustrate the 
requirements of tenting and evaluation erf the 
wcr.pon Bystems,  but  the  cheer coniplexlty of  the 
systems have mitlgnted against effective aystcras 
management.     Accordingly,   what was once  considered 
merely desirable.   Is now mnndatory--an  Integrated 
mcthodolof^ for weapon system management which will 
both pinpoint problem areas and which will provide 
a numerical measure of weapon  systerr. adequacy using 
the barest minimum of data.    The subject natter 
of this nrvper  represents  an efVort.  to contribute 
to the unraveling of this problem both by analy- 
tical technique and example results. 

Total Meagure of a System 

There la no generally accepted definition of 
the total measure of system performance.       If, 
however, we exclude the question of coat as being 
outside the iramediate purview of this paper, ve 
«ay define a measure which Is a oulVi^lc öcr.crlp- 
tlon of many military  sysLcun as   "the probability 
that a complex of equipment, personnel,  and 
procedures will successfully respond to and accom- 
plish the Intent of its design when an execution 
directive  Is received at a random point in  time." 
For a ballistic missile oysten, this verbal 
definition may usually be reduced to a function 
of conditional probabilities. 

tie. 
Cd,      Y 

P        P .      P     P   ^ 
8,    npd,    n   vh Al 

a) 
«*iere the  symbols denote random avolloMllty ?„., 
comnmlcation reliability Pc,  countdown reliability 
pcA, Yulncratlllty PV(  fllnht reliability rf 

guidance accuracy Pc, propellant depletion P—J» 

penetration probability P      wnrheod reliability 
Pyh, and kill probability P],. 

Scoge of this Paper 

It io the Intent of the author to limit this 
paper to a conniderntlon of the  first  factor of 
this equotlon  (Por);  not only because it is in the 
area of iMilntalnnblllty th-nt one may expect  1.0 
achieve nlrniflc^nt Jnprovcnjcnta  in an already 
opcrntlonnl aystcn,  but nlno because this  factor 
o!" the CTuntlon lo the most difficult to assess 
for    'lilinhlc minsile Rystomr;.     Thn  crux of the 
dirxiculty le the fact that one cannot deraonstrati. 
the rendinesa of a ballistic nlaslle system to tfc» 
name dcereo that can be done for aircraft.    Areor- 
dingly, a technique is required whereby the aetuml 
alert status of the weapon system may be  inferred 
a« opposed to demonstrated. This paper will ■tow' 
that such a method of inference exists; will 
dcllnrnte the factors to be considered) mni will 
provide an example of the use of the tedialv«» 
involved. 

Definition of AvnilabUlty 

Availability 

1,   5,  6, 9, 10 

Availability may be defined as the probabllltgr 
that a missile and its launch complex will be 
nonfailed and capable of entering countdown when 
an execution directive Is received at a random 
point in time after initial installation and 
checkout.  It may be calculated in either of two 
vnyo, 

F  -* pchieved Lime nonfailed and assigned to alert 
achieved total tine in u»e (jFT 

P     ■ cxpeced tiro nom'ailed and «asigned to >lert 
expected total time in use (3) 

In the first calculation we deal with demonstrated 
fact. In the second calculation we make a predic- 
tion from current data. It it the latter calcula- 
tion with i4iieh we shall deal here. 

The  factors of Availability 

Operation of a weapon system during peacetime 
may be resolved into three basic activities 

. alert 

.  checkout and calibration/scheduled 
■alntenance/tralnlng txerclses 

.  repair (unscheduled maintenance) 

f 
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"all go"  repair/       alert 
checkout,  replace       duration 
duration  duration 

(if required^ 

Figure 1. Time Line Sequence for a Purely 

DlBcrete Monitoring Policy 

The way In,which tha haslc activities are related 
to each other 1B defined by the management/main- 
tenance policy for the syetera. Each of theae 
activities Is traditionally considered to he the 
resultant of the interaction of three factors 

• personnel 

. procedures 

hardware 

Role of the HanagcmenVMaintenance Policy 

these three factors end the aeasures thereof 
are aeaningfully related by the system management/ 
maintenance policy of which there are two fundamen- 
tal types. In the first instance, Illustrated in 
figure one, a system may be subjected to a discrete 
monitoring policy, ihat is, the equipment is 
checked "periodically" to determine if it is 
functional. The duration Tc of an "all go" check- 
out may he constant or nay be a random variable. 
If one or more repairs are necessary, a time Tr 
is required to repair/replace and recheck the 
system. This duration is usually a random variable. 
Subsequent to repair, or to Tc if no repair Is 
required, the syntera Is assigned to an alert status 
for a duration TB during which it is assumed to be 
nonfalled and is held in readiness to perform its 
design function if called upon tc do so. The 
duration of T, is quite frequently a fixed value. 

up 

down- 

l<-Tr 

Tt Vl     > t 

Figure S. Tlae Line Sequence for a Continuous 

Monitoring Policy 

The second type of iruitntenance policy la 
illustrated In flfjure two.  Here the uyotera 1G 
monitored continuously for failures so that the 
system io "up" or «lert for times tj., where tj. 
1B the time to oystem failure nfter a repair. 
(This is a random variable). "Hie syotcm is "down',' 
i.e. In repair, ülacnosiB, or awaiting repair 
for a time Tr whenever a failure occurs. In 

general, Tr is a random variable. 

For most complex Systems a real maintenance 
policy will consist of a mixture of these two 
fundamental policies. 

Failure Distribution 

The hardware factor of availability evidence» 
Itself as a failure distribution. For complex 
»ystems this failure dlBtributlon will be exponen- 
tial, but the failure rate may differ depending 
upon rfiether the equipment is in checkout or In 
alert. 

The Concept of a Test 

It is convenient and realistic to treat 
personnel and procedures together. Meesureable 
parameters uhlch describe their interactions with 
hardware nay be defined through the concept of a 
'test". 

If we regard a complex system aa a single 
unit, then a checkout or a continuous monitor may 
he regarded as a "test". By a test we mean, then, 
üie examination of a set of functional character- 
istics of a equipment. If an observed character- 
istic does not meet the requirements imposed by 
the test, the equipment is rejected, otherwise 
it is passed. 

The test will have four basic properties. 
First, it will "pass" or "reject" an equipment 
at a specific point in time. That 1», it is 
assuned that the tesT'declsion occur» at a well 
defined point in time. Second, It will on occa- 
sion "foise alarm" a nonfalled characteristic of 
the equipment, i.e.  it will call a good system 
bsd. Third, the test will sometimes pasa a 
failed characteristic, that is, it will not always 
reject a failure which it presumably 1« designed 
to detect. A tost which docs this too frequently 
is one of poor "quality". The quality of a test 
we shall define as the probability of detecting 
a foiled system, given that the system is failed 
on or before the tlr.e that the point of test 
decision is reached. The fourth and last property 
of a test is "coverage". By coverace we shall 
mean that not all the possible equipment function- 
al characteristics are examined by the test. It 
is assuned that the failure of such a characteria- 
tic cannot cause the test to reject the equipment, 
since its effect on the equipment is indeterminate 
from the teat. However, we shall further assuse 
that all equipments which have failed in this 
manner will bj eventually rejected by either a 
false alarm or by the detection of a failure of 
an observed characteristic of the equipment. 
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Repair 

When nn equipment lo rejected by a test It 
Is repaired.  In the caoe of military oystemo this 
will ccnortilly reduce to the sequence of eventb 

dlo^nose 

. replace 

. recheck 

It has been noted In the literature that the repair 
distribution for complex military systems tends to 
bo loe-normol in form, nils la a particularly 
difficult distribution to handle analytically 
and in this paper it will be approximated by means 
of the sum of exponentials. 

Diocrete Monitoring Policy 

Analytical Definition of a Test 

We shall commence the analytical portion of 
this paper by formalizing the above concepts of 
a test for o discrete monitoring policy. Having 
accomplished this we shall use the notion of a 
transition matrix to relate the test to the re- 
mainder of the maintenance policy and the equip- 
ment failure diotributlon. Subsequently, we shall 
formalise the definition of availability for a 
discretely monitored system. Finally, we shall 
turn to the nroblera of a continuously monitored 
system. 

'!ho bade time line sequence of evonta for ft 
discrete monitoring policy is indicated In figure 
one. The period Te is associated with the concept 
of a "test" iftilch portltlons equipment at the 
"point of tapt decision" indicated at t • t. + T . 
For simple equipments this will generally      1 
be a real point within T , but for complex equip- 
ments such a point will very likely bo a con- 
venient mathematical fiction. It is assumed 
that at the point of test decision the test acts 
instantaneously to partition failed equipments 
from nonfallod equipments as Indicated by the 
portltion of figure three. Consider the action 
of the test at this point in time on a total of 
H •!«]_♦ Ua ♦ IU + Hj, ♦ He + jjg equipments all 
of one kind.  (Alternatively, one equipment nay 
be tested N times in succession and may be either 
good or bad at eoch test.) Let S. ♦ «„ ue the 
true number of nonfailed equipments. Let N, + H, 
equipments have one or more failures which 
are inherently detectable; that is, they contain 
failui'Ga mtiong the essential characteristics Which 
are examined by the test, but they will not 
necessarily all be detected because of "noise" or 
becaus» some of the failures moy be marginal. 
In addition let there be N- + H, equipments which 
contain no failures among the cnoractcrlstlcs 
which the test excutincs, but which do contain 
one or Bore failures nmonG the characteristics 
which arc not examined. Wc may now make the 
following definitions if the total number of 
equipmento being oxomined is very Jnrge 

I". 
1-1 

I: 

probability of no 
failure« of any kind 
att.^ + T. 

1-1 

1-1 

probability of on« or 
more failures of the 
"detectable In princi- 
ple" type at t ■ t+ 

probability of one or 
more failures that are 
"inherently undetecta- 
ble" at t - t^ + Tc 

These partitions of the true facts concerning 
the states of the equipments at the instant of test 
decision are shown in the left hand boxes of Figure 
3. The right hand boxes of Figure 3 show the par- 
tition of the equipments which result as a conse- 
quence of test decisions. If a is the probability 
of calling any nonfailed chaiacteristic bad, given 
that it is examined by the test, then we may write 

P„ 
a * false alarm probability 

and 

a' i ., ° ,1 « false alarm probability 
N5  M6 

There is no physical reason to presume that a^ a', 
hence we shall write without further Justification 

a - a' 

We further define a parameter Pi 

ß» 
N, 

probability of catching an 
"Inherently detectable" failure 

These six equations nay be solved clmultaneously 
for 1^, »g, Hj, \,  Kj, and Hg. 

We shall make use of the following notatlonol 
definitions in that which follows: 

?|(Vff;tv ♦ T I • —=- • probsblllty of passing 
1    V^r    given that the equlpme quipment 

la good at t, ♦ T 

L'i 

p[vPjtk * ^j' Is 

probability of passing, 
given that the equip- 
ment contains an 
Inherently detectable 
failure at t - t. ♦ T "k     Cj 

probability of passing, 
given that the equip- 
ment contains only in- 
herently undetectable 
failures at t +T 
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.1 

P G;t   + T     "         * N1 + N2| 

F[vlk+ ^J    • N3+NU 

^k^k + Tc)         * N5+N6 

0AP;1 »PlOAP;t + T 
K    C, 

»P B AP;t + T   )  ealled good 
L a   *   C1J  and sent to 

alert stetus 

♦p[BuAF;tk+Tc 

a'   - 

1 - ß  = 

Nl + *2 

N6 
N5 + N6 

h 

called bad 
and sent to 
repair 

v\ 
FIGURE   3. 

ACTION OF A CHECKOUT (TEST) ON A SYSTEM 
THAT IS DISCRETELY MONITORED AT THE 

"POINT OF TEST DECISION,  " t = t,  + T 
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P|CWF)tv +  T ■J 
& 

probnbillty of flunk- 
ing ijlYon that the 
equipment Is (jood at 
t «   I-,    ^ T 

K C, 

r l     "u ? B.Af';tv 
+ T 1 - --;;  . probability of flunk- 

1 n   K   al      v^ ^     lnß> elven that the 

X^ - 1     equipment contains a 
failure which is 

'[vv.,! Z-. 

inherently detecta- 
ble" at t - t. + T 

probahillty of flunk- 
ing, given that the 
equipment contain« 
only "inherently 
undetectable"fallure» 
at t = t+ T 

pjoj (k + 1) Tl 

pfsi (k + 1) T] 

aU   J2 

'21  a2S 

[oj KT] 
[B) M] 

(6) 

vhere the element? a  of the matrix A are called 
transition probabllitlBs. They describe the vay.. 
In which the state vector at t - (k + 1) T is 
reJ.atod to the state vector at t ■ kT. If p 1« 
the probability of being nonfailcd at time t - 
(k + 1) T; given that the equipment is nonfalled 
at t » kT and if w is the probability of being 
nonfalled at t = (k + l) T; given that the 
equipment is failed at^t = kT, then 

pfoj (k + 1) TJ 

pfsj (k + 1) Tj 1-p  1-u 

|P[O! kTJ 

P[B; kTJ 
(T) 

Using these definitions, the following matrix 
equation for the test results may be_written 

1 {oAp,VTCip 

{B4AP;V 

p[BuAPjtu+T k   c 

PlOi,. L     k   e. 

[OAF,VTCI] 

p^Anv^cJ 
PiBuAF;VTc 

State Vectors and Transition Matrlcus 

[BdJVTcJ 

W 

Noto that the sum of the terms of each column of 
A is unity. If p ".nd \i  are constants when T is 
a constant it may be shown that- the state of the 
system at t = kT is related to the state of the 
system at t - 0 by 

|o; w] 

i 
 

[B; l-p   1-n 

'[o; o) 
>[B; O] 

(8) 

It is desirable to have a simple way of 
obtaining Ak so that the state at t - kT nay b« 
related to an arbitrary initial state at t • 0. 
nils may be readily accomplished using the Cayley- 
Hamilton relationship. This relationship states 
that. If A is a n x n matrix, i.e., has n rows and 
n columns, then Ak is given by 

A particularly orderly way in which to 
approach the description of a system which can be 
in any one of a finite number of possible conditions 
or "states" Is through the use of the concept of a 
state vector and transition matrices. Before 
proceeding to the main developments of this paper 
we shall first treat a simplified Dituation in 
terms of state vectoro nnd matrix equations in 
order to familiarize the render with the Ideas 
Involved. 

n-l o0i +p1A + (y + ... ♦ea.1A 

The 0   are determined by solving the n linear 
equations 

(9) 

a,lk " e0 * hml  + «W * ••• + ,Sn-la,in'1(lo) 
i - 0,1, 2, n-l 

Let it be onipooed that a system is to be 
described at time t •= kT. The system is cither 
"good," i.e., nonfalled, or it ic "bod," i.e., 
failed. "Hiere is a probability associated with 
being in either condition which we will refer to 
as the "state" of the system and which we write 
as the column matrix (vector) 

?[kTJ (5) 

This state vector is related to the state of the 
system at t -  (k +  1) T by a transition matrix A; 

where the as. are the so-called "eigenvalues" of A 
found fron the characteristic equation 

A - id 

A-uä 

(U) 

. 0 

(12) 

(a,,-«)  {X-*„-<B)  --^ (1-a^  -0 (13) 

p-o» 

l-p 

'11 

l-p-<ß 

*12 

1-« 11 

11' 

12 

^le- 
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Hence 

uti 

% ' Xj  "b. " ttU " alE " P * " (ll') 

Therefore 

1 - P0 * P, 

%   " 0O + PA 

90 - X - PJ. 

(15) 

(16) 

(17) 

e  .il^ ■ 1 - (P - ^ 
1     1 - ux        1 - p + u 

and from Equation (9) 

(18) 

1 - "i. l-m, 

((i9) 

t1 " au)    „ k.    1 - aU + "IE*"! 

L 
In the limit as k—>oo , the steady state vector Is 
found to be 

1 

'[oj ao] 

?[»; ooj 

1 - p + u   1 - p + 

1 - P 1 - P 
1   -  P  + M     1   -  P + C 

•[o;o] 

•[BJO] 

t» 
1 • P + (1 

I -p 
i1 - p + (1 

(20) 

In other words,  the steady state conäTTiöff is 
Independent of the  Initial conditions. 

•nie fact that the terminal probabilities of 
the state vector (20) are independent of the  ini- 
tial states may he put to good use.    For example, 
whenever the one step transition matrix is made up 
of constant terms, as in (7), we may determine the 
terminal states by equating the state vectors ot 
equivalent successive points In time.    According 
to (19), once steady state hhs been reached; 

111» 

k—ioj 

loi WJ 

; kTj 

pfoj (k + j) Tj 

11m 
k-^so) 

P[B}  (k + J) Tl 
i.                                   J 

(21) 

J - 0, 1, Z, 

If we subatliiute (21) into (7) and transpose the 
left hand side to the right hand sldej 

11m 
k—>a) 

P - 1   v 

P  -|i 

?[G; kTJ 

'[BJ kTj 

(22) 

How, since 

P[O; kTJ + P[BJ kTJ - (23) 

We nay solve the matrix equation as follows. 
Expanding either row of (22), for example the first 
row; 

r        -i    r        -1 

(p - 1) P|0; kT—*ooJ + nPJB; kT-^ooJ '^OD - 0 (2U) 

and from (23) in conjunction with equation (Z1»); 

PC; kT—>a> ■] TT P + u 

and of course 

P [B; kT-^x,] -1 - rrfru • ^Hrr 

(25) 

(26) 
p+w l-p+w 

These are precisely the results stated in (20). 

Application of Transition Matrices 

I/;t us now apply the concept of a transition 
matrix to A simple, but realistic situation. 
Consider a single equipnent group which is tested 
and rejected (or passed) as a unit. We shall 
assume that tne durations of sclicduled alert T , 
checkout times T- and T_ ore constant and that cl     c2 
the probability that a nonfailed equipment will 
survive » tin« T is a function of T only (exponen- 
tial failure distribution). The tine sequence of 
events is shown in figure one for the kth mainte- 
nance cycle. Wc shall assuac that each oalntenance 
cycle starts with a checkout. We shall further 
assume thot all failures are detectable in principle, 
hence the system is describable as being in either 
of two states, "gooü" or "bad". The state of the 
system at tine t » t. + T  Just prior to test 

cl 
decision Is related to the state of the system at 
t « t^ by the matrix equation 
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pl0' \ * \\ 
P[B' \+ \\ *-\l 

pl0! \] 
p[B' ^1 

(Z7) 

•where Pc    1B the probability that tha equlpoent 

nurvlvea T. , given that it van gpoA vhen It 
1 

nnt-^rwd checkout.    The teet declnion pnrtitlonii the 
eystem with th« transition probabilities indicated 
In figure three.    Hence, at tine t - t^ + Tc 

to the noxt toot dcsiolon io rojuitod  to  l.h"  ct'ifcr. 
of the Byntein at the previous teat declolotv by 
the product of the four tmnsitlon mntrlces (27), 
(26),. (29), «nd (30). 

pl0' ^41 + Tc, 

?[BJ PIB1 Vl + Tc, 

«I ^ 

I1 " «1   ! - «2 

•f"  \ * \\ 
P[B'  tk + Tc 

HBDCU^O UC JkJ     04 V^l , _ 
1 I 

1—■                      —, 

P[OAPJ *k + Te ] 1 -a 0 p[oj \+\l 
P[W» \ ♦ tej 0 P KBi \ * \1 
p[ci\rj t^ + TC ] ■ a 0 (28) 

p[lV\F; ^ + T   ] 0 1-&' 
1   _ 

Tha state of the systeo at entrance to standby 
depends upon whether the system was nonfailed and 
passed the test or whether it failed the teat and 
was sent to repair.    Considering only the possi- 
bility of a perfect repair we have at t • t 
(entrance to scheduled alert) 

Kll 
[B: vl -V 

P^OAP;^ ♦ Tc ]j 

''        ^ I1 
P^AP,tk ♦ TCi) j 

|pfoAP;tk+Tcj 

pfflAF;^ +Tcj 

(29) 

where P  is the constant probability of surviving 

the remainder of checkout after the test decision 
is made, (riven that the system was passed and was 
la fact nonfailed. Note that if the system is 
good and passing at t • t, + T  no T occurs and 

consequently the a... tern of the transition matrix 
is P,  not P.. P,. 

c      c_ r 
2       2 

The state of the system at entrance to the 
succeeding checkout Intervalls   

■[o; Vi] 

i - p. i 

p[G; vl 
iP'B; t i  L       ' 

(30) 

V 
Whore P is the constant probability that the 

cnuipmont ourvlveo T , civen that It enters T 
good. Therefore the state of the System Just prior 

«I " Vc«1 " «) * pspe,ü 

0^ - (1 - (J) PB Pc 

(32) 

This equation Is the single step transition between 
successive test decisions. 

From (1>0, the eigenvalues of this two by 
two matrix of constant transition probabilities 
are 

"b " 1 

^ • "u - »12 - P.pc1 [« 
+ \^ ■ «Hi - PJ 

(33) 

From (19), the initial state of the system at t « 
T  is related to the state at t ■ t. Just prior 
c k 

to test decision by: 

r    1 

i 
i 

1P[BJ ^ ♦ TCj] 1 - 

?[0, TCJ 

P[B, T^] 

1 -«.- 
a. .1 ^.(1.,,,) 11' 1 - 

k 

"z-: 6i2 

and it follows thot in the steady state 

(3U) 
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p[0, \ + 'c^^ 

L 

P
B
Pc ^-P) 

1-p P   foi-Cl-ß)*?   (l-a)] 
■ e

1l. 0z        J 

P,PCU-P) 

1-P.Pc1[a-(l-p)+Fc2(1^] 

ip[\ * S-™]  (35) 

Because ve have specifically asauntid constant tran- 
sition matrices in this example, ve could have 
obtained the result (35) hy the alternative proce- 
dure of equating the state vectors at like points 
In time na noted In  (21). 

Note that all other states in the kt.h period, 
or in the steady state, are determlnibl« from 
eciuitions (ih) and (35) respectively hy »no  step 
tmnsltionc.    For example,  in the steady state as 
tv—^oo,  the  state of the  eyetein at cnUnnce to 
standby is obtainable from the product of equations 
(28),  (29) and (35);   

that equlpmeiit was nonfailed at en« 
trance    to T 

k 

rT 

:Mi8 
(i - ?[t]) dt (38) 

vhcro Pltlls the equlpnient failure distribution. 
The total duration of "n" cycles is given oy sun- 
oüng up the durations of T , T , and Tr if it occurs. 
That is, 

P[0, tB-*oo] 

'[B, t-*o] 

\       0 
1 - a 

o 

a o 

1 - P 

p[o, tk + t^^a,] 

P[B; tk ♦ Tc -*«,] 

1 - P 
1 ■ P.pc F^^e   (1 * a,l 

J-_u£- 
1 " Vc j0"^1-»)^   Ci - a)j 

Availability of a Discretely Hjnitored System 

Wo are now in a position to define the avail- 
ability of a discretely monitored system.    Consider 
the definition (3) and the basic cycle of figure 
one.    Defining zero time as being at initial 
Installation end checkout, this basic cycle repeats 
itself "n" and a fraction number of times in some 
Interval of time "t".    According to the definition 
(3) ve must calculate the ratio of the expected 
aacunt of nonfailed time to the totel time "t". 
Ignoring the fractional cycle left over, the expected 
amount of nonfailed time is given by sumsin« up to 
"n" the product of being nonfailed at entrance to 
Te and the expected time nonfailed In T8.    That is. 

(36) 

Expected duration of "n" 
cycles 

—I  m 

■Z(E [T J+E[TcJ+ ph **+ xHv   (39) 

E|T  ■ expected duration of kth alert interval 
L skJ 

expected duration of kth checkout 

K>T 1- expected duration of kth repair/replace 
L rk' cycle if it occurs 

Expected good 
time dumtion in 
"n" cycles 

P 0, * I - probability of being good at entrance 
1   V   to T. 

(37) 

Therefore,  in general for "n" complete cycles 

probability of being rejected at 
the test decision point 

SIT     1       •    expected time nonfailed in T    ; given 1 V "k 
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I 

t 

N 

n 

/.. ^KJ* R[\l+ PiFi  \ * TcJEiTrJ)  -   C-O) c 
As «n pxnmple of tire appllcntlon of this fornula, 
lt?t \in brlrfly conntdcr thp follo«lnR oimplc 
vnrtntlon of tlw Imntc cycli» of flt'.iur; one, 

eiVUpi^nt out of nctlon during T    nnd T 
c r 

T    Ifl « conntant c 

T    In ft conotftnt 

T    Is R eonstnnt 

riti. i - o'V 

rnpnir ib by j^move and replace 

Whsrs 

(i-B)[l-PBPe(i-4 (Ufa) 
 mr  bi 

i -11 - "u A™*]- ai2 nB»TcJf 11-p -g) (''6b) 

\'\^k 
\- 

[l - P - ,i - (1 - a) P    J 1 

C»?») 

(U7b) 

z r 
In tho limit AS n—-»oo 

*>„ E 

.Kl t.l 
PIO; t   IEIT 1 

Hi«      Pp 
n-—*oo 'H   I   'rE * Tc * a0 Tr 

C'l) 

^ ^ -c -["S -c>Kl] [(l.e^ 
(W) 

i.-.e 

vher« 

1 - P P   [a ♦ P„   (I -u)-(l-e)] 

PiP, tk +Tc J- PIQAP, tk * TCI]+ p[BAr, t,, * rc] 

P[OJ  t, . TcJa + P[B; tk * TejU-f» 

(U2) 

p[o, t.J. pfo, tk.TCi][(l-a)PC2+a] 
](1 - P) (M) 

(1 - P)[i - P P (1 - OOIT 
T    + T   +  i -J-S i_i       , 

8   c x • yTf+ %(l -a)-^ ■ rtl 

Trnnelent State Probabllltlea 

Note  that the traniilent  In P,,,!»'I   !■ propor- 

tlonil to u^n.    To neaeaa the effect of the tran- 

sient, consider o nodlfled font for avollablllty 
whl^h we  rawill define OB 

and from (30) 
\r\M 

plo: \]zH 
('•9) 

EH- -^ -Vs Then we hnve for the condition that P B| T,,    - 1| 
(lili) I        "i* 

We  ntinll slnply denote P.lTrJ hy Tr nnd postpone « 
dlscunnlon of the distribution of the Tr until n 
Inter nectlon.    Sxpnndinn 'lnd collcctlnt1; terno, 

. M (i .a\*x) E[T1 
(50) 

P      n . nr I. J 

, ,        n+.l 

^ ♦ » "o + ^iT^j  ' 

AT 

(n*l) (TB VTC)   *|(n  4  1) ^ ♦ ^      j ^L-   | T,. 

(k?) 

201 



"\ 

frit we mty oot 

(i (i - (<))  (■->) 

"V"i   " '"i ''%v [-"=] 
(3 0 

lr„i'c!""'c<,K,)"(1",,)l \ I 
ThlB cxprrnBlon  hns  the dlmmslonn or tti»T.     It  In 
* RkraDurc of  the ffxpoctod  time  requtrccl  for tlm  nt'tt'' 
probnbllitleo to roneh their unymptotlc viiluen, 
given  thftt  the  pyntCM Initially entern checkout In 
« frilled condition. 

Iwpcrfect Repnlr und t'ndetectoble FallurcB 

Tho nbovc  rcoults may be  rcarllly t;eneri»llzed  to 
ftcccunt; for the poselblllty of imperfect repnlr and 
no Inherently undetectable  fnlluro  rntc.    If we 
define 

P.      - The probability thut none of thoce chnrncterl« 
T        tic» of the  Rvotcm which are tested will fall 

during TB, given that they ure nonfallcd nt 
entmnce  to that Interval. 

P - tbc probability that none of  thooc chnrnc- 
T        terlatlc« of the  rtyste« which are not tented 

will  foil durlnc T6,  clwn  tlwit they nre 
nonfallcd Ut entrance  to  that  intrrvnl. 

!■ Th"   prolM.hnil.v   Ik.»,  n-.n-   of   ttto-." 
'T rh'ir ■rt.'Tli'Mrn  "f   II«"   nynt«« which nr" 

r\     t.-rJ.'.1  will   Tnll   -lurlnc.  rh'fkout  b^fon» 
Mi.»   t>Tt,  it'M'lnlon   IH HIMI" . 

P •" Thr   prolwibllity   tlmt tton"  of  tho«'» 
T fli'TnCterlntlcM of   11K:   r.ynt^wi which mrr  not 

rl     t,'M:l,<'<l  will   fill 'lurlnr cbrkoiit before 
tl»"   t."nt ilnrlnlon   In  irr«!". 

P,       " Th'*  probnhillty  th"t none of thone 
P rlmr'ctcrletlci ol   LIK»   nynt"* which «re 

C?.     t-nt^.l   will   fj.U 'Inrinr, Te   ,  «Wen   ttwit 
Ihey ore rtnnfnltr'd «t the  7  ^nt declainn 
nnd nre  pnnned. 

P ■• The   prnbnbHlty  thai none  of   thone 
T        rhnr'ntTl ntlrn of  t.h^  nynUm which are not 

c?.    t.er.t^fl  will   mil .Inrinr. Tr    , «Ivn tlmt 
tlvy  n*^  Monfi'lled  at   the   *     t^nt  il»»clrtlon 
and   tl»e   efutjwnt   in   pnnfw»d. 

M,- Tlw  probability thnt n  replaced unit is 
nonfnlled, 

|i?" The  proWihlllty  thnt n  replnced unit  le 
fulled  In an  Inherently detectnble »inner. 

Mi"Ma" Tlw  probability thnt e  replnced  unit  1« 
fulled  In on  inherently undetectable 
nnnner. 

V ■ P'illure rate of the inhrrently detectable 
c^wracteriatlcB durlnr. T  • 

V •• Failure  rate of  the   Inherently undetectnble 
cluirncterlallcB during T  . 

Given the above definitions  It on be  nhown 
that for ine   r.t.»u cycle tutd conntriilntu 
diacutitttrd etirller 

^(i- ){;. - V.--).' l-c 
.(X     -rX     )T v    G      US 

■(1--) 

V- -     h-'-  V--r<) 

x,    .(1.„.0)   (1-  -.)-•.rv.:T,-(l-   ) (v.) 
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Contlnuour- Monltorlnc Policy for Rcpolr 
by Remove and Iteplace 

Definitions and ABBumptlono 

let It be acsumed that rnllures,  false alATns, 
failure dotectibn,  rcatoffrcion of faloe alarms to 
service, and repair of failures are Polsson dis- 
tributed.    We define, 

\. ■ Failure rate aoooclated with the charac- 
terlstlca of the eijuipment vhich are 
monitored In a test.    A failure of a 
monitored charocteristlc is "inherently 
detectable in principle." 

X    ■ Failure rate associated with the charac- 
,1      tcrlstlcs of the equlpnent which are not 

monitored during testing,    k follure of 
such a characteristic is "Inherently 
undetectable in principle" since it is 
alwaya unobseived by the test. 

a    » False alarm rate associated with the 
c     monitored characteristics. 

a • Rate of detection of failed characteris- 
tics of the  "Inherently detectable in 
principle"  class. 

li...  • Rote of restoration of equipinent to the 
nonfniled state,     (it is specifically 
Bssuned that repair le by remove-and- 
replace so that the state of the equip- 
ment leoving repair Is Independent of the 
state during or entering repair.) 

1»^ » Rote of restoration of cquipnent to »er» 
vice with one or more failures of the 
Inherently detectable in principle class. 

U., • Rate of restorotion of equliwent to 
'      service with one or more failures of the 

inherently undetectable in principle 
class, but no inherently detectable failures. 

Further aosume that 

fail detectably. 

* The equipment cannot fall during repair. 

We define the following notation 

P    It!  «Probability of being "up" (assigned 
^•t J       to service) ond "cood" (nonfalled) 

at tin: t. 

ub. 

ub 

Itl • Probability of being up and bad, 
L J  (failed) but detectable in principle 

at time t. 

Itl • Probability of being up and bod, and 
i^-*  not detectable in principle at time t. 

P. [tl - Probability of being "down" (assigned 
^l J  to repair), but -Qood" (nonfalled) at 

tine t. 

db 

<">. .H 
Probability of being down with a detec- 
table class of failure at time t. 

Probability of being down with an un- 
detectable class of failure at time t. 

The Baaic Difference/Differential Eiiuatlona Of 
Transition 

In view of the assumption of exponential hold- 
ing times for the failure distribution, at al., the 
following difference equations may be written: 

(55a) 

♦ pdb R^4 + ^W1 

(55b) 

•  All equlpscnt is «jnitored continuously,    ^[tj •»ij?* + Pdb [tik'l2Ät + Pdb ^J^IZ6* * 'ub^V* 

• Failures of the inherently undetectable 
in principle class can be caught only 
by false alarming one or more of the 
nonfalled, observed characteristics. 

• An equipment is elt.ier nonfalled, failed 
detectably, or failed undetectably, and. 
If failed undetectably, «ay subsequently 
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Pub   I1  ^tl- P    N^a* * p t  f
4]!1 '• (ac 

+^)At} Vh,Ch  ror the «'juotlon  net (57)   In, 

(55c) 
+ % W*'l3At+Pdbu[t]-13At+4d[

t]"13At      P   U .    *Ji2Jt<Ll^l  

%[» *At]- V^ft]^A t ♦ P^lt]^i ? "u^) (55d) fer 
-^ ^ (62) 

P<«i  V" *ÖM" fyb UjeAt + Pdb I* i1  -y   t»llft*f(55«)        The trnnalent Bolutlone  to (jf) wiy alno be remli- 
d d    ' d       ^     T'^t ^y obtnlncd but ur»  of f*SRcntlRrty^ficT^Tl«ialc  Inter- 

eet except for  th" detpnolintlon of  the dlntrlbu- 
tlon of up-to-dovn and dovn-to-up times. 

Hixed Maintenance Itollclee 

All other tranaltlons nre of higher order in&t 
and hence wcy be neglected.    Noting that 

11> 
A=-*o 

?lt ^atl- Fltl _ ^U £ fM (56) 

In general, If a system consist« of k 
subunits, each 
of being nonfailed 
the avuilubility of the System as a whole vlll be 
given by 

'i'  K 

We Bay write the above  set of ilfferen-e eiiti^tiuns 
as a set of differential equations by  -ajploytne 
(56)-    In vector for« 

N+V.. 4ac>       0 

lux,     11     U    bjltljdu    uunnioua    yji     n. —  . 
ch of which has a  probability  P tj 
failed and assigned to alert,     "l^ J 
lity of the  system as 

'i'      K ^ 

tidt 

^H   - 
^H 
kH . 
^H 
W4] 
vH 

J 

'11 

"12 

o -(«vV 

0 0 

M13 

"12 

0 

-11 

M13 

0 

t^ 
-11 

U€i 

ub 

H 
I'] 

(57) 

8t««dy gtatg Solution 

The steady state solution for each component If the ■slntenance policies of each of the tubunlta 
of the state vector aay be obtained directly by are Independent In the sense that the aalntenancE 
noting that policy of the 1th nubunit is unrelated to that of 

, j-, the Jth subunit, e.g. scheduled or unscheduled down 
li«  P|t|- 0 (38) tine for the 1th subunit does not imply that down 
t—»oo 

and Z'uH' 1 for all t. (59) 

time la required of the Jth subunit, and If 

exist» (6>)) 
—wo     ^l1 J 

1, .1 
Also fro« the definition (3),  It any be shown that        one may write 

Hence 

(60) 

(61) 

lim    F 
T-»oo 
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In pirticulur.   If u  oyntom conslntn of tvo suOunlta, 
the first of vhlch lo contlnuxauoly monitored und 
tne  second of vhlch Is porlodlcully nonltorodi 
t'.ie iiviiUnbillty of the systen uo " whole lit 
Civun by  tho  product of e lujitlons  (5I1)  und (62). 

-In-flewefaVr-if- tlic nrilntemmco policies are not 
strictly periodic,   1.1.  Inspections ^nd check- 
outs ^re not held to fixed cvlend.ir d.tes, rclu- 
tlon (65)  will hold.     Note  Uvit  this will always 
be the case when one  oubunlt utilizes n periodic 
policy (strictly periodic or otherwise) und nny num- 
ber of other subunlts nro continuously and inde- 
pendently monitored. 

Estinintion of Parameters 

Stntement of the Problem 

The preceding devoJoproints contain a number 
of fnctors such ssX , \   ,  u  , u-, a end ß which 

srr ordinarily not directly observable quantities. 
For exninplc,  the only way in which it may be 
determined by direct observation that a system is 
nonfailod is to attempt to operate it; but the 
very act of operating the system imposes stresses 
that may cause system failure.     If one is attempt- 
ing to determine tho nuiescent failure rateX. , how 
can we differentiate between follureo due 
to turn on stress and running stress from those 
arising from the stresses of the tiuiescent mode 
of operation?    The obvious answer is; by failure 
analysis.    This answer is usually not at all 
Bütisfactory once the system has left the engineer- 
ing development stage and become operational. 
The limitations of existing field data reporting 
systems, the expense of retaining the required 
technically qunlified personnel,  the logistic back- 
log of unrepaired items -  - these and a host of 
related factors make extensive failure analysis 
quite an Impractical undertaking.    Fortunately, 
there is on adequate alternative  - - citatlstieal 
inference.    The method of ototistical inforence 
my be understood by resorting    to oversimplified 
examples. 

Puriodically Honitorod System 10 

Referring to figure four, consider a periodi- 
cally monitored system which la subjected to two 
■odea of operation during each of which it 
exhibits an exponential failure distribution. 
During T    it is in a quiescent mod« of operation 

where it exhibits a failure rateV .    During T 

it is operated to determine whether it has 
failed.   The failure ra'-e during this time IsK . 
Assume: 

the point of test decision corresponds 
to the end point of T 

there is no significant turn on stress 

.    the test is perfect 

T    is a constant 

T    is a constant c 

point of test doclBlon' 
1.0. declolon as to 
whether cqulpucnt Is felled or 
nonfalled 

Figure U. 

Let there be two groups of Initially nonfalled 
equipment numbering H.  and K. total items lespec- 

i «. 
tlvely.    Let the H.  equipments remain In the 

quiescent mode for a time T     and the M_ equip- 

issnts remain in the quiescent mode for a different 
time T Each group is then subjected to a test 

of fixed length T , at the end of which it is 

observed that k. have failed in the first group and 

. have failed in the second group. The probmbillty 

that exactly k. failures will be observed In M. 

trials is 

'[•v^lv^'Yv.)'''»' 
where 

p     . a »i 
i 

(67) 

(«) 

For convenience, define 

E1 4  1» F^j, kj (69) 

then tte maximum likelihood estimate X^ for the 

true failure rateV   it given by solving tta equa- 

tion «et 

aBi 0| 1 • 1, 2 

By straightforward manipulation, 

•   t: In 

»2 

(TO) 

(71) 
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c  TV 
c 

1    *        "l 

1 -.-i       c 
(72) 

Continuously Monitored Syotcm 10 

Gstlnatcs of the purometaro of a continuously 
monitored syot?!« are eqvuilly onay to obtain. Con- 
sider, for example, a  simple, contiruously moni- 
tored system that can occupy the three «totos, 

. nonfallcd o.nd asBißned to alert (UAO) 

. nonfallod tut false alarmed (DAO) 

. down in ropoir/replace (DAO)V(DAB) 

Where the mean rates of transition between these 
states are X, a,  and »4 an indicated in figure live. 

X 
UAO- 

1° 
DAO 

M 

UAO 

->DAB -^o/\o 

Figure 5. 

^is the real failure rate, a is the false alarm 
rate and \t Is the repair and/or replacement rate 
for both the DAB and DAO states.    An important 
point to be noticed Is that the average time 
(expected time)  for a transition from UA 0 to DA B 
equals        1 Similarly,  the average transl- 

foTYT 
tlon time fro« UA 0 to DAo equals        1        .    The 

IcTTxT 
basic r-ison for this phenomenon is that the 
causes of false alarm and the causes of real 
failures are acting concurrently. 

The expected time from uAo to down (apparent 
failure) equals the probability that an apparent 
failure is actually a falsa alarm     o 

TÖ-TTJ- 
>) tlm ■ultlpliad by the expected (avenge) time to 

false alarm   1   plus the probability that 
(a *X) 

an apparent failure is actually a real failure 
\   ■ultiplsd by the expected time to real 

failure   1     That is 

a      ( i  \  ♦ _JL_  (_±\ 
[a * x)   \a * \j       a + x   \a ♦ ^/ 

i 
a ♦ 

Similarly the expected repair time equals 

q 
a + 

X 
a + 

(73) 

(TU) 

Now suppose up time, down time and a failure 
analysis Is obtained for M systems. Let u equal 

the tine to apparent failure for the 1  system, 
let d. equal the tlm for repair or replacement 

few «.ft« 

of the 1      oyotem and lat f(i) . 1 If the 1 
- syotem experienced a real fullure, and Jjst f(l)aO 

if the 1      system experienced a false alarm. 

7') Since the expected value of u,, E(u.) 

it followa that 

1 
(o+X) 

röTTT (75) 

Therefore on estimate of       1 is obtained by 
computing VÖ+TT 

n. 

i-i 

That is 

[wh)] ■ RS^ 

(76) 

(TT) 

An estimate of  X   (the proportion of apparent 

failures which WtSally were real failures) cms be 
obtained by computing 

M 

That is 

fd) 

(18) 

(19) 

Than an estlaate of X, X Is obtained by eompotlBg 
H M 

r   1^1 

I T 
köTTT 

Similarly 

f(l) 
(80) 

a 
M 

i-1 

(81) 

Since the expected value of d., 

.W-^.(4')-J (82) 
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thensforo the eetlaate of tt Is given by 

1' 
1=1 

(83) 

Ulis equation Inverts to the general fom, 

A e 4 B • P      [tl uu l   ' 

+ C e 
.(ne+Xd)t (89) 

where 

Thus, the estlinate of each of the parameters of this 
■odel X» a «nd ti are obtained. 

It will be noted that wo have assunad the need 
for folluro onalyals in the case of a continuously 
nonltored system.    We can partially circumvent this 
necessity by fitting the theoretical distributions 
of up-to»down and down-to-up times to actual field 
data.    For cxnnplo the apparent failure distribution 
for a continuous nonltorlnc policy may be obtained 
fro« Equation not (57) by netting the repair rates 
equal to zero and selecting the initial conditions 
such that the system is Initially up.    Because the 
factors e and a. are Involved,  the »«suit will not c 
be ths true system failure distribution, but r«ther, 
the distribution of up-to-down times.    We have from 
(57), 

^R1'1 -(Xd + Xu+ac> 

A=0 

(ac - e) P       [o] * Xd 

B - 
ac  + Xd - 

B + C 

(90) 

(91) 

b?) 

This is the probability of remaining up, given that 
the equipment is initially up. Not« that, although 
each of the parsneters e, a , X ,  and X. «re aaao- 

clated with exponentials,  the resultant of their 
interaction will not.  In ceneral, be an exponential 
since the sun of exponentlsla is not repreaentabl* 
by a single exponential term.    There are fo-ir possi- 
ble exceptions, (con't page 15) 

Pub    M 

and 

—j —       — 

0 
***tJ 

xd Slt, 
(8U) 

-(«c * v rubu It) 

L. 

PuC 1°'    * Pub.(0) + P"b    toJ • 1 <85) du 

by assuiiption. 

Taking the Laplace transform      of (BU) 

C + xd * \, * ac) 

r—                   —i 

,r«. [0] I 

^ ,05 - 

lpub  M 
U 

L_          ^ 
where the probability P  [tJ of remaining 'ip, given 

0 0 

-(• ♦ •)        xd 

0 -(s+X^) 

tint the system is 

Pug (si 

p-d 
[•1 

Pub (•) 

nitteuy uvri is 

(66) 

Puu M ■ P
Uc M * Pub,  I*'   * Pub    '*!     ^) du 

Hence; 

P    [s]- uu' 

-(s ♦ c) (. . ac + Xd)?nc(o) ♦{, + X,, ♦ X,. + ac) |(s + ac + X^P^lo) ♦ X^toJ ♦ X^to]] 

-{o * e)[(B * X(1 * Xu ♦ aJP^Co)  + X^tol] 

^ * Xd + Xu * ac' ^ ♦ e) (» * ac 
+ Xd) (86) 
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If, 

•   or. +\,?>e c      a 

c       c 

•    P. ub, l0J- ^r (93) 

•nieroforc 

pdd f'J (99) 

Thin 1B the probability of remninlnc down given 
that the equipment le Initially down. 

then the net distribution lo a olncle exponential. 
Ohe oecond and third posBlbilltlcE ore extremely 
unlikely to occur in practice. The fourth poasl- 
blllty will not be observable from field data, 
provided that the System hos reached »teody state. 
Once steady state is achieved we will observe 

ub. M H (oo) 

1 

> 
+ullf M13 + aJ 

xd t'n + Vc 
W) 

1-1 

Examples 

We shall very briefly illustrate three applica- 
tions of the above developments. 

A fit of the theoretlccl up-to-do«n distri- 
bution to the field data of a continuously 
monitored system. 

A fit of the theoretical down-to-up 
distribution to the field data of a 
continuously monitored system. 

Calculation of 0, a, and X for a discreteljr 
monitored system. 

which will quite clearly not result In a olncle 
exponential term for P  [t). 

Sie net effective repair distribution may be 
obtained from equation set (57) by assuming that 
all th« equipment la initially down, that no addi- 
tional equipment enters the down state after t • C, 
and then solving the equation set for the tine to 
return to the up state. In this case equation set 
(57) reduces to 

V*i 

•db. 

rdb 

(t] 

(t) 

11 

I-                              -^ 

0 % ^ 

0 

3 
S[t 

P
-ultJ 

(95) 

ntting the Apparent Failure Distribution of « 
Continuously Monitored System 

Figure six illustrates a aaapls of data for 
the reported up-to-down times of an ICEM System. 
The data tB~glven in arbitrary time diBanslonsfor 
reasons of security.    A Chi squared test of the 
dute. indicated that it is exponential at the $Oi 
acceptance level.    The theoretical distribution 
(•quotion (69) indicates that exponentiallty of 
rnported up-to-down tines is consistent with th* 
..naumed model if, and only if, one of the four 
conditions of (93) bold.    Subsequent shop action 
on reported failures Indicated that ZOf of the 
rejects were in fact good (false alarmed), hence • 
wo are forced to accept the first of conditions 
(93), i.e. 

Hince the arithsetic aeon of the data of figure 
nix (U.l in the arbitrary time units) is the 
mkximum likelihood estimate    of l/(a    *^). 

Further, since ZOi, of the reject* wars In fact 
good, we estiaute that 

where 

%l0I P.v    (0) * P«,    10) - 1 'db 
(96) 

and the probability Pdd (tj of remaining down, 

given that the system Is initially down, is 

rdd (tj %M ^   [t]*^   [*1 (9t) db 

Proceeding exactly as outlined above we   iave 
1 

'"dd I'J 
»   ♦>   M 

(98) 

A 
a ! number of false alarms) 

total number of rejects) (N, ♦ <0 
(100) 

- O.Z X 1     =0.05 tiw units 

and we estinate that 

/       (number of false alarms) \,\     . _ 1 
" I1 " (total numter ot reject!W^d * ae' 

V / (U>1) 
- (1-0.2)   1 

ITT 
■    0.2 til units 
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FIGURE 6.    DISTRIBUTION OF REPORTED UP-TO-DOWN TIMES 

IN ARBITRARY TIME UNITS 
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Thi!  Down-To-Uii Di nlrlbuLlon 

Figur«  oovcn llluotratoo a  niimpJ.o oC dota  Tor 
tho i-'.'jvirtcd dovn-to-up i-imoa ofan ICfiM Syntcm. 
Tlie dlmonslunn of tl«  ilata nro nrblbrury for ronoons 
of-oerurltyj . Thft. provlounl.Y ciopxuivjd raodol Indicated 
that tho distribution vould ba exponontlul lf Uie 
undcrlylm' rojjxilr (remove/replucu) dlntributlon 
wao oxponcntlnl (99).     Ar. Indicated In flcure  oevon, 
the  flold dutn  sugf.ootn  thut tho underlying rlln- 
tributlon io  lop normril.     Thio  tendency hos beon 
noted elccjvhcrc in the  literature."    Since thio typo 
of distribution ennnot ho handled analytically 
recourno to tho  "black box"  technluue of Moroe1 

is necerenry.    Without rocard for tho actvml otruc- 
turo of tho romove/replnce/ropnlr procesr. ve may 
pOBtulute nn "n" otato exponential procons that 
dupllcntcB the behavior of tho obDorved data.     In 
the present instance the data may bo  fitted nicely 
by assunlnp tvo internal ototcc.    A failure is 
asslcned to the  first down state with probability 
"a" and to tho second down state with probability 
"1-a".    Return to tho up state from the first down 

Ul 

•tnte occurs at rntc 
i'. 

and from the second down 
suite with rate ii_.    Under these assumptions,  the 
down-to-up dlstrloution can be shown to be 

del K 
-u   t 

■  ae + (1 - o.) e (1ÖZ) 

problrrPJ   = (i-l'1',,)  P^MPC(1-I,
C)(1-T()(*'' 

The curved line in ficure seven shows the results 
of assuming a two state process for the observed 
sample of data.    It will bo noted thst either the 
two state exponential process or the  log norml 
curve ore equally repreoentntive of the observed 
4s.. t«. 

Parameter Ectimntion by Inference Methode for a 
Discretely Monitored System 

At the tlac of this writinc the results of 
estimating parameters for discretely monitored 
systems from field dota by inference methods is 
not complete.    However,   the potential usefulness of 
the method has been invectleatod In detail by the 
Monte Carlo technique on nn IBM 7090 computer. ■•" 
As on example of tho results which have boon achieved, 
consider the controlled system exercise irdlcoted 
In flGure eight.    Assume that each time tint a 
(sub)  system leaves repair it lo subjected to a 
seauence of three checkouts of duration T *   ', 

c and T (3) with the test decision occuring c 
the end of ench checkout. Further ossume 

*e(l)' 

Figure 8 

that regardless of whether the cystera falls or 
pusses ut the first and second decision it is 
subjected to the  subso.iuont checkout without 
recourse to a diagnosls/reiiDve/roplace cycle. 
There ure eight possible outcomes of this test 
sequence;   (PPP),   (FPF),  (rn'),(PFF),   (FPP),   (FTF), 
(FFP), and (FFF) where P denotes  "pass" and F 
denotes  "flunk".    The probability of any one of 
these outcomes is retidily calculated,  for example 

+ ixP„P(l-P„)(l-a'»?- pniP^l-a)3 

(103) 

IfTTÜB wTiüör.co  15 'iVjSTS'eSa TOr^f-TTyntemn, oil .of 
one kind,  and H |Prp|   arc the number of  systems 
with outcomes F'PP etc,   then It can be  shewn thnt 
the maximum likelihood estlmnten of P, a,  Pr,  and 
u ore given by 

A
ß 

i N [FFB - ti Im] 
' N [PFW   + N [PI'Tj    - N IFPI'I   - H IFPFj 

A N [FPF]   - N [fFpl 
01 ' MJPPg + N[FFFj   - NjPFPJ   - NjFFPJ 

A N [FPF]   * B IFPF]   - H [FFP    - 11 [FFPI 
Pc,' N PFPl   + N [PFFJ   - HIFPF)   - N jVp§ 

(10U) 

('05) 

(106) 

N ^PP] * w IFPF!  + N Fyrpi  * N 'TFFJ    A 

a „ « K -JA. 
pc   (a - 1 + P) (MT) 

Having estimates for the above parameters, an 
estimate for X, B muy  bo obtained by considering « 

second set of K systems coming out of repair, all of 
which enter siaindby and remain in standby for the 
same length of time (T8) and which are checked out 

Just once. Let R be the number of these K systems 
which fall the checkout; then the expected value 

-XT (loe) 
of (R/K), E(K/K) . 1 - 0 + up e ' "(a - 1 + P). 

/ 
Using the estimates of p, u, p , and a which have 

been obtained,scan be estimated by using the above 
equation; this results in 

(109) 
A  ' 

^ \J\ 
(R/K)- i ♦ P ^ 

i up, (a - 1 + S)/ 

Monte Carlo runs of the sequence of figure 
eight were performed BBny times using the "true" 
values, 

- M - 500 

a - 0.1 

p - 0.1 

a  = 0.8 

Pc - 0.75 

X    - 0.0021 failures/day 

(HO) 

A typical run yielded 

R - 281* S   [pppj 

7 days N PFFl 

H JPFP] 

N   [FFFI   = 76 

135 

50 

18 

frppj - ii» 

[FFFI - 29 

IFFP] - 20 

FrFrj - 158 

(m) 
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From which It vas eetlnBted that 
A 
0    -   0.08 
A 
a    =    0.22 

(112) 
Pc    =   0.80 

a   =   0,85 
/\ 
Kg   m   0.0019 failures/dfty 
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IlITPODUCTIOTJ 

It is assumed that the sites are sufficiently provisioned that two tactical 

launch atteii^ts^-iaay-be~made^ia-^the--eivv:ir£^^ attack, 

given that the site is assigned to alert. One launch attenipt may be made if 

the site is initially off alert. It is the purpose of this appendix to de- 

rive an expression for the probability of successful launch under these 

conditlona. 

DERIVATI01I 

We shall treat a simplified situation wherein it is assumed that: 

. All latent failures are detected by a tactical launch attempt. 

. No aborts arise from false alarms. 

. Repair of an aborted launch attempt is perfect, occurs at a net rate 

yi ,  and has the density function 

P^tr) = ^c e ^ r (B-l) 

. The conditional density distribution for the duration of launch attempts, 

irrespective of the way the attenipt terminates; given that no latent 

failures exist, is given by 

-L(t -0) 
p(tCD) = Le   -D   urtCD.3l (B.2) 

. The conditional density distribution for the duration of launch attempts, 

given that latent failures exist, is given by 

PtW = 6[tCD-G] ^B-3) 

. The density distribution for the probability of system failure given 

that the system is initially nonfailed, is given by 

"Vf p[tf] = V (B-M 

vhere X  is the total syn+em failure rate. 
Li 
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;. 

There are three initial system states 

. Up and nonfailed 

. up and failed (unknown latent failure) 

. down (in repair) 

We shall further assume that the only permissible state transitions are de- 

fined hy Figure B-l, State 1 Is a launch attempt commencing from the truly 

ready   state. It terminates either in a launch (State L) or an abort 

(State k).    State 2 is a launch attempt commencing from the apparent ready, 

but a truly failed state.    It terminates with probability one in the repair 

State k.    State 3 accounts for those missiles vrhi^h are not assigned up when 

the execution directive is received.   Only one repair is permitted from this state. 

State 5 is a launch attempt entered fron repair.    Exit from State 5 to State 

6 tonainates the multiple launch attempt sequence in a permanent down state. 

The conditional probability of terminating a launch attempt with a launch: 

given that  the missile/site is nonfailed at the time of initiation of any 

launch attempt is given from Equations (B-2) and (B-^) by; 

P^VUA G] =    ff e"^CD    L e'L(tcD"3)UrtCD.e] d t,, (B-5) 
0 

r      -(\L+L) (t -o), 
=    PCDM   |1 - e      L f        r  urt^] 

where 

PCD[~]    =    Jx    e Le ^ojf^ d ^D 
0 

(B-6) 

L+X L 

-\L£ 
e 

and 
-(\T+L)  (tT-0) 

P1[tL/U AG]    =    (\    + L) P    [»] e      L L        U[tL-G] 
(B-7) 
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, 

The conditional probability of terminating a launch attempt with an ahort; 

given that the missile/site is nonfailed at the time of initiation of any 

launch attempt is given from Equations (B-2) and (B-^) by; 

rt.      -\ tri. -L(t-n-9) 
P2[tf/U AG] =  I f (1 - e L CD) L e   CD  UCt^-e] d tCD 

0 ,      (B-8) 
C -L(t -9) -(Lf\  )  (tf-0)] 

=   \l- e        t        -PCDM(1 - e L        f      )jU[tf-e] 

P2[tf/U AG]    =   < L e - PCD[=o] (i/).XL) e ^       f      'u[tf-0] 

J     (B-9) 
=    0 elsewhere 

The conditional probability of terminating a launch attempt with an abort; 

given that the missile/site contains a latent failure at entrance to count- 

down is given from Equation (B-3); 

P3[tf/UAB] = U[tf-9] (B-10) 

and 

P.[tf/UAB] = 6[tf-9l (B-ll) 

The conditional probability of launch in two or less attempts; given that 

the raissile/site enters from the truly ready state is given by 

PL[t/U AG] « P[tL < t] + P[tf + tr + tL < t] (B-12) 

The conditional probability of launch in two or less attempts; given that the 

missile/site enters from the up condition with a latent failure is given by; 

PL[t/U Aß] = p[e + tr + tL < t] (B-13) 

Bie conditional probability of launch in two or less attempts; given that 

the missile/site is in repair at the time of receipt of the execution di- 

rective is given by, 
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PT[t/ui = P[t + t < t] (B-14) 

We-oay-.-©x^isss^£ue_x.ea4ia£§s_ A [22)^_as_the_product of apparent readiness 

P M and the probability that the system is nonfailed; given that it is 

assigned to alert, namely P^/^L05]. Then, 

P  [«,3 = :^__ (B-15) 

and vre may then write the total probability of launching in two or less 

attempts as; 

PT [t] =  A [»] \  P[t • < t] + P[t + t + t < t] i 

A ["] 
+ pu[tn] (1 -rr^r) p[9 + tv+tL±t'] (B-l£) 

UL J 

+  (1 - Pu["]) p[tr + tL< t] 

This expression is readily evaluated by resorting to Laplace transforms. 

We have that 

P-iCs]          Pp[sl pjls] p [s] 
PT[s] =  A [»] -—- +  A [»] — s  

A M 4PoCs] p.[s] p [s] + v-i (1--PT^)J—V-^- (B-17) 

Pi,Cs] p-^s] 
f      (1   -  P   [»])   —  v u      ' s 

piCs:l  °   SÄTL  
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Le-se       PCDr-] (y-L) e-s0 

52r-s] = -in "STTTI  (B-18) 

p3[s] = eT ,_ (B-19) 

p,[sl    =    —±~ (B-20) 
■^4 S+U c 

Carrying out the multiplications indicated in Equation (B-l?) and performing 

the inverse transformation we arrive at the final expression, 

( -(X +L) (t-9) 
PL[tl =  A [»] PCD[«] (1 - e  L      ' ) 

u     -(X -i-L) (t-9) 

C   L 

hi-X, -ii (t-9) ) 

' c   L 

f    L(IH-\L)     -P. (t-ae) 
v A C»] PCD[»] j 1 - (  L) (  ,.> ) e 

•c ~'  ^c " L^ 

+   ^c
L      :^X

L) ^-29)  j^LJ    -L(t.29)l TTr+ ^T + X?V^) e        ■ y^T e    ] U[t-2e] 

x2     ,   v (B-21) 
.-   (^V)  -ne(t-2e) 

- A [»] Prn [»] J 1 e 
CD      i      /   T T.  \2 

\    vrc L' 

(t-29) M.C (I^XL)  -(Lf\L) (t-29) 
e 

(^-L.XL) 

u (u -2L-2\ ) -i^\)  (t-29)'; 
- -2—^ 5- e   X       S U[t-2e] 

\    (]>XT)   -u (t-29) 

■ c   L 
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^c" 

a      -{U-K)   (t-29)'/ 
=. e    L U[t-2e] 

Note that as t —*- "; 

PL.[»] =  A [»] PCD!>] + PCD[»] (1 - A [»] PCD[co] )    (B-22) 

It is unfortunate that neither the transient solution nor the steady state 

value can be expressed as the simple product of readiness and reliability. 

Due note should he taken of this result since it indicates that the formal 

mathematical structure adopted by Task Group II is too restrictive undei- 

certain circumstances. 
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IIITRODUCTIOH 

In a system composod of several subunits ail of which enter scheduled check- 

out at the same time, the system as a vhole is not reassigned to alert status 

until the last sübunit is checked out and/or repaired. Since each subunit 

is itself a separate system, such a policy iioplies a delay in the change of 

status of one or more subunits. During this delay period these subunits may 

fail since they are presumably being stressed at their normal standby stress 

levels while waiting reassignment to alert. Therefore, this delay time should 

be accounted for. It is the purpose of this appendix to show how this delay 

time is computed for the subsystem <CDEF> . 

DERIVATION 

Table C-I is a truth table indicating all the possible down state combinations 

which can arise from the <CDE3> subsystem. Zero in the table denotes e. go 

checkout for the individual subunits C, D, E, or F. A one in the table de- 

notes a no-go checkout. In accordance with the data summary (Table II of the 

te::t) we obtain the total system checkout tine, including repair, for each 

possible combination of subunit states as indicated. To determine which 

logical combinations of the subunits give rise to which total times, let us 

denote the fact bhf-t subunit i entered repair by means of its letter desig- 

nator i, and the fact that it has a go checkout by i. 
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TABLE C-I 

System Down Time by Subunlt State as  a 
Result of Checkout and/or Repair 

c Ü K F Total System Down Time 

0 0 o i T c 

0 0 0 1 
F 

0 0 1 0 ■*** * V5 

0 0 1 1 

0 1 0 0 

c 1 0 1 \D*V 
0 1 1 0 

1 

0 1 1 1 

1 0 0 0 Tc 

1 0 0 1 
F 

1 0 1 0 T E + T 
E 

1  1 

]   0   0 

0   1 

1   0 

1  1 

cl    r 

T E + T^ 
c1 

T D + T 
D 

c1 

T D + T^ 
Cl 

T E + T E 
cl 

T E + T E c,    r 

f 
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Then the duration T , for example, occur? whenever the following logical 

proposition is true; 

X = CDEF + COIF + CDEF + CDEF 

But this may he readily simplified "by the rules of Boolean algehra to yield, 

X = DE 

The prohahility that X is true is given by 

PCX] = (i - PDfX!) (i - V-
Fl) 

where 7TP]    is the prohahility of failing the test for the ith suhunit. 
■r 

Therefore, the contribution to total system down time eÜTj arising from 

T  i£ c 

er.Tc]    =    (1 - PDrP])  (1 - PS[F])    TC 

The expected system do\m time    t,    is the sum of the individual contributions 

to expected down öime shown in Table C-2. 

t,,    =    D 1 T    + E(T    E+TE)+DE(T    D+TD) + DEFTF 

d c        c. r c-\ r r 
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TABLE C-II 

Contributions to Expected System Down Time 

Do'.m Time 
Duration 

Probability of 
Occuranco 

Tc (1 - PD[F] (1 - PE[Fl) 

PE[F] 

PD[Fl (1 - PE[Fl) 

^ 
(1 - PD[F]) (1 - PE[P]) Pp[Fl 

The ejected status delay time for each subunit may like\d.se be found by 

returning to Table C-I. For example, consider sübunit C. The delay time 
C ' 

T   which occurs when C has a go checkout is derived from the first 

eight entries of this table by subtracting the C go checkout duration from 

the total system down times as shown below in Table C-III. 
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TABLE C-III 

Logical Table for Derivation of    C    Status 
Delay Time for a    C    go Checkout 

D        E        F T    C 

rl 

0        0 

0        0        1 

0        10 

Oil 

T   E + T E - T 
c, r          c 

T    E + T E - T c, r          c 

Then} 

10       0 

10        1 

110 

111 

T    r) + T D ^ T- 
^ r "c 

T    D+ TD. T c1 r c 

T    E + T E - T c, r c 

T   E + T E - T 
l        r 

E 
T =    DEP(0)+DEPT+E(T        +T-T) i' v  ' r x c1 r c' 

+    D E(Tc 
D + Tr

D - Tc) 

In this case, the table is completely syinnietrical so that for a .;o go on 

sübunit C, 

T    C    =    DEF(T    -T    C-T    C) + DEF(T   +TF-T    C-T    C) 
2 1 rl s c       r c1 T1 ' 

+ E(T   E+TE-T    C    -T    C) + DE(T    D+TD-T    C-T    C) 
Cl r cl rl cl r cl rl 
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Similarly, for the remaining subsystems, 

T D = EF(0)+EFTF+E(T E+TE-T) r,        v '      r    v c,    r    c' 

T D = 1 (0) + E (T E + T E - T D - T D) r2 ^ c1   r    c1 

T E = DP(0)+DFTP+D(T r>+TI)-T) r,        K   ' v v c    re' 

T E = 0 
r2 

T F = DE(0) + E(T E+TE-T)+Dl(T r>+TD-T) r,        x '    x c,    re'     v c,    re' 11 x 

T F = DE(0) + E(T E
-I-T
E
-T -TF) r2        

v '    v c,    r    c   r ' 

+ D E (T D -H T I) - T - T F) x c,    r   c   r ' 

Ihe probabilities associated irlth the    T are typically illustrated by 

P     D , ri 

Z \    ' -^ D T F -^ D (T    E + T E - T ) _.   dr d^c. re' 
P. =SF-i-EEe       G H-Ee      S 

d 
rl 

where 

E    =    PE[F] 

E    =    1 - E 

F    =    PF[F] 

P    =    1 - P 
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INTRODUCTION 

It was tacitly assumed in the treatment given in the example of this raeao- 

randum that the total down time in repair and the effectiveness of repair 

could be treated in a lumped fashion. This view is most useful when using 

gross field data. During Cat. IT., however, it is desirable to consider 

the details of the remove and replace sequence since the data obtainable is 

apt to be somewhat different. We consider, then, the possibly repetitive 

sequence of test failure, remove and replace, recheck, 

DERIVATION 

Figure D-l illustrates the time line for the sequence which occurs when two 

remove and replace actions arise as a result of entering checkout in the first 

place. We assume the same basic notation used previously except that primes 

are used to avoid confusion. 

The probability of failing to pass the checkout on the nth attempt P , 

is in general given by the recursive relation. 

n = Uv.^ + n3') fa - s') - (i. 9«. «•) pd )* n2' a - P-nF^ 

(D-D 

Fn    =    X F    .       5     F.    ^    P[F] 
n n-i. i 

The probability of being good and passing P [0 A Pi» bad detectable and 

passing P [B, A P], or bad undetectable and passing P CBu A P] on the 

nth   checkout is given by, 

Pn[0 A P] 

Pn[Bd A P] 

VBuAP3 

•Vpdc   ^'a,)\ 
U,0) (1 - Pd   )l P' ■^g' 3' 

cl 
Pd   (I-a')   U3. ^  (1-PU   )j 

t'„J 
(D-2) 
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The probabilities of cntcrinc ctandby in various conditions are, 

M-i r  P 
C2  Cl 

1 - P. 

0    0 

1  1 - P. 

Pd ^ - Pu ^ 0 C2     C2 

P^[G A Pi 

Pn[Bd A P] 

VBuAP^ 

(B-3) 

1 

The probability of failing checkout is given from (D-l) by 

I 
n = 1 

P[F] 

(D-M 

(0' + Pd (1 - a« - {l')l 0^' + ^ ) + n2' 0« 

Hence, w     probabilities of exiting repair; given that reuair is initiated, 

in the various possible states ore from (D-2), (D-3), and (D-M. 

^l' Pd Pu ^'a') 

1*1 - 
c  c 

I     cl        J 

^l' + ^3) f3' + Pd (1 " "' " 3,) " Pd (1 ' a,)l + ^2' P' 

|3' + Pd  (1 - a- - Ö')! (viTL1 + ^3') + Vig' &' 

1^' (1 - Pu ) + ^3'1 Pd (1 -or') 

U' + Pd (1 - a' - 3')] (V + ^3') + ^j' 3' 
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The expected down time ic given by, 

TO 

(i - pfpl) ;rc •<■ P[F]  Y, ^ - x) (Tc + (n *■ 1) (Tr + Tc ^ 
n=0 L ■ > 

P[F]      . m    . 

vhere   P[F]    is the probability of entering repair and   X   is the probability 

of re-entry to rewilr as defined by (D-l). 
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I.   INTRODUCTION AND SUMMARY 

In this example, the Effectiveness of a radar sur- 

veillance and threat evaluation system is determined. 

The system configuration proposed during the Program 

Definition phase is analyzed and evaluated in accordance 

with the proposed model, 

E = A [DJ C. 

The example discusses in detail the sub-models 

employed in determining the elements of each vector and 

matrix. It also illustrates procedures by ■which the num- 

ber of system states to be considered may be minimiEed, 

Following the evaluation of the first system config- 

uration, another is proposed which is intended to improve 

the overall effectiveness. Since the changes made reflect 

only the use of redundancy in various functions, the basic 

equipment characteristics, i.e., reliability, maintain- 

ability, are not changed.  The sub-models for A, IDI, and C, 

however, are modified to account for the new configuration, 

and the effectiveness of this system is determined. 
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II.  EFFECTIVENESS ESTIMA.TION 

1.0 Mission Definition 

In this example, the stated function of the system is 

to provide, within a specified time, a warning of an enemy 

airborne pre-emptive attack.  Specifically, the system shall: 

a. Detect airborne objects in the surveillance 

sector at a range of not less than 3000 

nautical miles. 

b. Identify the objects, and determine, within 

30 minutes whether or not they constitute a 

threat. 

c. Convey results of classification to decision 

making point. 

2.0 System Description 

2.1 General Configuration 

It must be expected that the system configuration will 

change as it evolves through its life cycle.  There will be 

definite hardware changes reflecting updating programs and 

advances in the state-of-the-art.  Even the original concept 

t 
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of the system will tend to change in response to changes 

in the world geopolitical climate.  In this example, the 

following system is postulated during the Program Defini- 

tion Phase.  It is referred to as System Configuration No. 1, 

a. Three radar equipments, each of which shall 

provide surveillance of a specified sector] 

switching arrangements will permit any radar 

to provide surveillance of any sector. 

b. A data link function for each radar equipment 

to transfer radar data to a computational center. 

c. A computer function to store input data and to 

predict impact areas (the single computer shall 

serve all radar equipments). 

d. Three communication functions, each of which 

shall convey data from its associated radar 

to its data processor. 

e. Three data processors and three displays to 

present data from associated radar to decision 

maker. 

f. Necessary prime power to support each of the 

three subsystems. 

2.2 Block Diagram 

A functional block diagram representing the system 

described above is shown in Figure 1. 
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2.3 Mission Profile 

The equipment is operated continuously until failure. 

2.4 Delineation of Mission Outcome 

In the example cited, each of the three radar subsystems 

provides surveillance of a specified sector.  As noted earlier, 

switching makes it possible for any radar to provide surveil- 

lance of any sector. Assume that the probability that an 

enemy attack will come from each sector Is  known (or can 

be estimated).  It is apparent, then, that even if one or 

two sectors are not under surveillance because of failures 

in the radars, for example, there still exists a probability-- 

admittedly reduced—that the required warning of an attack 

will be given.  In order to account for such possibilities, 

an evaluation of the capabilities of the system in various 

system states must be made. 

3.0 Specification of Figure of Merit 

The fundamental figure of merit for this system will 

be taken as "the probability that the system will provide 

a 30 minute warning, given an enemy airborne pre-emptive 

attack at a random point in time." 

4.0 Identification of Accountable Factors 

The potentially important factors of a system may be 

quite extensive.  However, in the current example only the 
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following assumptions concerning major subsystems (i.e.. 

Radar Unit -'Antenna, Receiver, and Transmitter; Data Link; 

Computer; Communications; Data Processor; Data Display; 

Generator; and Power Line) are made: 

a. Operational Conditions 

(1) Climatic Environment:  The site will be 

located in an Arctic environment.  Conditions in all equip- 

ment spaces, however, will be maintained at normal room 

environment. 

(2) Atmospheric Phenomena: Aurora - System shall 

be capable of target detection in presence of aurora 

borealis.  Wind -• Wind loading up to 100 mph.  Icing - Ice 

coating up to 2 inches on antennas. 

(3) Enemy Actions and Counter Measures:  Equipment 

shall have provisions for selectable tuning change to pre- 

vent Jamming.  Provisions shall be made in the computer for 

target discrimination from decoys. 

(4) Usage:  System is to be operated continuously. 

No operating personnel shall be required at the antenna site, 

b. Mathematical Assumptions 

Times between failures are exponentially distributed. 
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c.  Maintenance Concept 

(1) General; Adequate maintenance facilities and 

personnel shall be 'provided so that any r.equired corrective 

action can he accomplished at the site. 

(2) Personnel:  A total maintenance force of ten 

men shall be stationed at the site.  Three 8-hour shifts per 

day shall be maintained.  The classifications and required 

skill levels are shown below. 

Rank/Rat: -ng Specialty Number 

Captain -L 

T-9 Electronics 1 

T-9 Electrical 1 

T-7 Radar 2 

T-5 Radar 4 

(3) Test Equipment and Tools: All test e 

raent and tools needed to permit the required maintenance 

at the site shall be provided. Facilities for emergency 

repair of the test equipment shall be provided. 

(4)  Spare Parts and Components: Adequate spare 

parts and components shall be provided to permit independent 

operation of the site for a period of ten weeks.  In cases 

where system failure is corrected by replacement of units, 

repair of the replaced unit shall not be required at the site, 
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d.  Capability Factors 

The definition of states of capability must account for 

factors which define the performance of each component of 

the system.  Examples are given below: 

(1) Radar 

Transmitter power output 
Frequency stability 
Frequency range 
Antenna gain (beam width) 
Receiver signal/noise ratio 
Switching times 
Anti-jamming features 
Pulse repetition frequency 
Pulse shape 

(2) Computer 

Memory capacity 
Computational speed 
Programming requirements 
Switching times 
Input/output formats 
Word length 

(3) Communications 

Transmitter power outputs 
Receiver sensitivities 

(4) Data processors 

Input/output format requirements 

Memory size 
Computational speed 
Word lengths 

(5) Data displays 

Type of presentation 

Visibility 
Readability 
Retentlvity 
Ease of interpretation 
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(6) Power generation 

Capacity 
Regulation 

Voltage 
Frequency 

Efficiency 
Ease of switching 

(7) Power distribution 

Conductor sizes 
Power losses 
Protection requirements 
Installation requirements 
Insulation requirements 

k. 1 Identification of Data Constraints 

Model construction should be conducted in the full knowl- 

edge of the constraints which may be imposed by data avail- 

ability.  For example, if it is known that only a limited 

sample of life tests are to be conducted, the effect of the 

small sample size on the output of the proposed analyses 

should be investigated.  Or again, if piece part data is the 

only data that will be available until late in the program, 

the model construction must reflect this fact.  In the 

present example, we shall assume that during the Program 

Definition phase, dependence must be placed on generally 

accepted prediction procedures.  In later phases, results 

of tests of the actual hardware subsystems may be employed. 
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5.0 Model Construction 

5.1 Delineation of System States 

For System Configuration No. 1 the probabilities of 

mission success under various conditions must be described. 

If all combinations of success and failure for every 

individual subsystem are considered, the number of possible 

system states is extremely high. However, by considering 

collectively all of the subsystems (except for the com- 

puter) in each surveillance path, an appreciable reduction 

in the number of significant states is made. A further 

simplification is possible if all states in which no 

system capability exists are treated collectively as a 

single state. Figure 2 illustrates the significant states 

to be considered in evaluating Configuration 1 under these 

assumptions. 
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NOTE: 

Letters In upper portion of block Indicate ■■■  equipment or 
equipments of interest; number In lower portion of block 
represents condition of equipment or equipments,  "c" 
represents computer; "rM represents all serial equipments 
required to provide surveillance of one sector, i.e., 
generator, power lines, receiver, transmitter, data link, 
communications, data processor and data display.  "1" 
Indicates that all equipment(s) In the block are operable 
"0" Indicates that one or more equipments In the block 
has failed. 

FIGURE 2.  SYSTEM STATE DIAGRAMS 
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5.2 System Model 

For this system evaluation^ the basic model to be 

employed is: 
_«  — 

E = AD C (1) 

where 

E = probability that the system will provide a 30 

minute warning, given an enemy airborne pre- 

emptive attack at any random point in time; 

A = availability vector ; Ä is its transpose 

= probability that at any random point in time, 

the system will be in state i, where 1 can be 

any integer from 1 to n, inclusive, n = number 

of system states to be considered; 

1D|= dependability matrix 

= probability of transition from system state i 

to system state J during the required operating 

period (0.5 hours), given state i at the begin- 

ning of this period; 

C = capability vector 

= probability that the system can successfully 

perform the required functions, given that the 

system is in state j during the period of interest, 
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5.3 Availability 

The element A. of the availability vector A is a 

function of the availabilities of the various equipments 

a..  Symbolically, 
J 

Ai = f[alJ e^2>•'•,   &y->   ar] (2) 

The specific functional relationship is dependent upon the 

system configuration and the number of possible system 

states. 

For the system configuration being considered, the 

models for A. are shown in Table I. 

The a. are computed using the generally accepted expres- 

sion for the availability of a continuously observed system; 

S -  f  A, (3) 

where 

:. 

tf = mesm time between failures for the j  sub- 
0  system. 

t, = mean down time for the J  subsystem. 

5.^ Dependability 

The probability of transition from one state to another 

during the actual time of mission performance roust be 
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TABLE I 

Models for A. - System Configuration No. 1 

A1 = acar- 

A2 = 3acar ^ " ar) 

A3 = 3acar ^ " ar)' 

A4 = ac (1 - ar)
i + (1 - ac) 

Where 

a = probability that the computer is operable 

(available). 

a = probability that all components in each 

sector surveillance and display subsystem 

(excepting the computer) are operable 

(available). 

Note that A-, + A2 + A^ + A^ = 1.0, indicating that 

the defined states represent all possible states. 
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accounted for. Use of matrix notation for this purpose 

facilitates consideration of all possible state transi- 

tions . -     . 

For system Configuration No. 1, it will be recalled 

that there are four possible system states.  If during the 

missionj transition were possible from any one state to 

any other, l6 possible results would exist, including 4 

situations in which no transition occurs, viz.:       < 

[*] = 

Dll  D12 ^3  D14 

D2>^22 D23  D24 

D31 D32 .D, D, 
3 ^3^ 

^l :D42 D4^ ^-4 

W 

In the actual matrix to be employed, the probability 

of each indicated transition occuring will be entered.  For 

example, the D-,-, element will be the reliability figure 

which is the one normally discussed in simple reliability 

analyses; i.e., the probability of no failure during the 

mission, given that the system was completely within specifi- 

cation at time zero. 

In this example, maintenance is assumed to be ineffec- 

tive during the actual mission; therefore, no transition 

from a lower to a higher state will be possible, and each 
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element below the diagonal line -will be zero.  The remain- 

ing elements in the matrix are evaluated by use of the 

following equations: 

Dll = RcRr3 

\2 = 3W2(1 - Rr) 

D13 = 3RcRr  (1 - Rr)
2 

Dl4 = Rc(1 " Rr)3 +  (1 " Rc) 

D22 = RcRr2 

D23  = 2RcRr(l  - Rr) 

D24 = Rc  (1 - Rr)2 + (1 - Rc) = 1 - RcRr(2 - Rr) 

D33 = RcRr 

(5) 

D34 = Rc ^ " Rr) + ^ - Rc) 

D44 = 1 

v.'here 

R = computer reliability 

R = reliability of all other equipments in each 
sector surveillance and display subsystem. 
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In some situations, it is possible that the mission 

reliability need not be evaluated.  This might be the case, 

for example, if the actual length of the mission is very- 

short compared to the mean times between failures for the 

systems.  In such cases, each element of the main diagonal 

approaches unity while all others approach zero.  If this 

approximation is acceptable, the "identity matrix" can be 

employed and will considerably simplify computations>  In 

essence, this permits the mission reliability factor to be 

represented by unit.  This approach will be illustrated in 

a later example for a different system configuration. 

5.5 Capability 

Although a system may be available and functioning as 

designed during the mission, the system can still fail to 

accomplish its design purpose due to a variety of factors. 

In the case of a surveillance sys~em such factors would 

include: 

(1) Signal masking due to background thermal noise. 

(2) Range and doppler velocity limitations due to 

radar pulse repetition rate. 

(3) Angle discrimination due to finite antenna 

beam width. 
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These factors are conveniently lüiq:ed together In a 

vector which is called the "design capability" factor of 

the effectiveness equation.  In the present illustration, 

a simplified example will be used to show how this calcula- 

tion is undertaken.  Specifically, we shall consider the 

effect of background thermal noise on the ability of a 

radar to detect and accurately track a potential threat. 

The distribution of the amplitude in volts (E ) of 

the system noise is Gaussian so that the probability 

density of noise amplitude is given by: 

P E„ n ^e n - JO < E  < +30 (6) 
n n 

The density distribution of noise power is obtained 

by recognizing that noise power (P ) is proportional to 

the square of noise voltage (E ) and then applying a trans- 
n 

formation of variable to -{6).     That is: 

x. 2 

Pn = 
n 
a (7) 

And 

•' V (aPn)? 

p E  dE  = p E  P ^.. n.  n  ^ n. n i 

E - n 

'n 

dP n (8) 
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... 

With attention to the change of limits on (6); 

0 < pn 1 + ^ (9) 

Thus 

~  aP 
p n  --^^~-h (10) 

The signal power (S) returned from a potential threat is 

given by: 

S - % (11) 
r 

Where 

r - radial distance to threat, 

J = reflectivity of threat, and 

C = function of antenna gain, transmitter power. 

In general, the time which it takes to perform the 

threat evaluation will depend upon the ratio'S/F, shorter 

evaluation times being associated with larger values of this 

ratio since this reduces the required signal tracking and 

smoothing times. 

There will be some value S below which there is a 

vanishingly small probability of threat evaluation within 

the prescribed time; thus the probability of detecting a 

threat is given by 

■s/> - • 
P, =  /   p:?^ =dP^ ; (12) 
d   j Q  ^ ■ n J  n v  ■ 
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Therefore the probability of detection becomes 

Pd = 1 

a (S/ •. ) 
" 2 
n 

a   CJ 

n 
(13) 

Each system state 1 will have a particular value of P, . 
1 

In addition, there will be other performance factors 

as listed in paragraph 4.1.d above, associated with each 

system state which will influence the probability of detec- 

tion and track.  Thus, in general, we can write a capability 

vector. 

where 

n 

Ci= KiPd. 

(14) 

6.0 Data Acquisition 

6.1 Data Sources - Reliability 

In the program definition phase, data is generally not 

available from actual tests of the system under consideration. 

In this case, use is usually made of available generic data 

sources. A tabluation of reports and papers which treat 
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reliability prediction is included in the section of this 

document entitled "Data Sources". 

Determination of failure rates for given stress con- 

ditions are included in some of the data sources.  In 

employing these data, care must be taken to utilize only 

those data sources which closely duplicate the expected 

environment of the system under development. ¥herever 

such data is unobtainable, available data must be modified 

by appropriate proportional stress factors. 

In later development phases, reliability data is 

often available from contractor tests.  During the early 

acquisition phase, such data obtained from, the contractors' 

bench tests may be used to supplement generic failure rate 

information.  During the operational phase additional data 

may be obtained from standard Air Force reporting forms. 

6.2 Data Sources - Maintainability 

Some predictive models exist for estimating mean-down- 

times (or components thereof).  Three examples of Rnrh 

models are presented for specific operational conditions 

in the documents referenced below: 
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Airborne Systems 

Ground Systems 

Shipboard Systems 

"Maintainability Prediction: 
Theoretical Basis and Practical 
Approach" (Revised) 
ARINC Research Corporation 

"RADC-TDR-D3-85, Vol. II - 
Maintainability Engineering" 
Radio Corporation of America 
RCA Service Company 

"A Maintainability Prediction 
Procedure for Designers of 
Shipboard Electronic Equipment 
and Systems" 
Federal Electric Corporation 

In general, these procedures concentrate on the pre- 

dictions of "active repair time." This is defined as the 

length of time required to complete the repair, given that 

one or more technician is actively engaged in repairing 

the equipment.  The procedures consider such factors as 

system construction, accessibility, diagnostic devices and 

test equipment availability.  The treatments accorded such 

other factors as administrative delays, skill level of 

maintenance personnel, availability of spares, and queuing 

resulting from an insufficient number of maintenance per- 

sonnel vary considerably. 

7-0 Parameter Estimation 

7.1 Estimating Basic Equipment Characteristics 

Depending upon the program phase, the estimation pro- 

cedures used to determine t„ will vary appreciably.  In 

the operational phase, for example, the value of t^, might 
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be computed from field data by 

tf = ^ (15) 

where 

t =~total observed operating times 

f = total observed number of failures. 

In earlier phases, as noted earlier, the value of t^. 

might be synthesized from generic failure rates on individual 

parts or components comprising the system.  For a single 

equipment involving no redundancy in which it may be 

assumed that all parts or components exhibit constant fail- 

ure rates, t„ would then be given by: 

o 

f    V A, 
i=l 

(16)- 

Where 

. = failure rate of the i  component 

n = number of components in the equipment, 

As m -one case uf of, the dcwn time models win differ 

in various program phases.  Again, in the operational phase. 
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t, might be calculated from field data: 

where 

T, = total time during which equipment was down (not 

operable) during a specified period. 

n = number of separate maintenance acLioiio during 

the specified period. 

In earlier phases, predictions based upon system con- 

figuration and the support situation will be necessary. 

Because of the complexities involved in estimating 

t- and t,, it is not reasonable to explore the details of 

the procedures in this example.  It is assumed, therefore, 

that through the use of appropriate techniques, the numerical 

values shown in Table II were developed. 

7.2 Determination of Availability 

The availability of each subsystem is determined from 

Equation 3 utilizing the data of Table II. The results are 

shown in Table III. 
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TABLE II 

Mean-Tlmes-Between-Failures (tf ) 
and Mean Repair Times (t ) for Equi pments        1 

Equipment 
(hours) 

^     l 
(hours) 

Power Lines 26,280 24.0 

Generator 17,520 22.0 

Transmitter 800 1.0     j 

|   Receiver and DTO 2,000 0.5 
i         Data Link 43,800 1.0 

S   Computer 250 1.0 

1   Communication 4,000 0.5       j 
i   Data Processor 4,000 0.5 
1   Data Display 4,000 0.5       1 
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TABLE III 

Availability of Individual Equipment 

Equipments ^ 

Power Lines .999087 

Generator .9987^5 

Transmitter .998751 

Receiver and DTO .999750 

Data Link .999977 

Computer .996OI6 

Communication .999875 

Data Processor .999875 

Data Display .999875 

where 

a. = 
t* + ^r 

- mean time between failures for the J  subsystem 

= mean time to repair for the J ' subsystem 
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The probability of being in any system state at a 

random point in time is given by utilizing the results of 

Table m in the Equations of Table 1.  The components of the 

availability vector are therefore, the values listed in 

Table IV. 

TABLE IV 

1  Nurae rical Values of Ai 

System Cor ifiguration No. 1 

Al = .98393^ 

A2 = .012033 

A3 = .000049 

h .OO3985 

7.3 Determination of Dependability 

Use of the same input data employed in the availability 

analysis, e.g., values of failure rates, permits determina- 

tion of numerical values for each element of the depend- 

ability matrix utilizing equations 5 and the data of 

Table II, we have for system configuration No. 1: 
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[.]-. 
0.99^088 0.003909 0.000005 0.001998 

0 0.995391 0.002609 0.001999 
0 0 0.996696 0.00330^ 

0 0 0 1 

(18) 

7.4 Determination of Capabilioy 

We shall assume that the possibilities of an attack 

emanating from a particular sector, coupled with the systems' 

abilities in various conditions led to the assignment of 

the state capabilities shown in Table V. 

|                 TABLE V                1 

Capability for System Configuration No. 1 1 

State 
j        Number 

■ 

Capability      1 

1 

2 

3 

1         4 

IP           | 

0.75P 

0.35P 
OP 

In these tables, P is the capability, i.e., the prob- 

ability of successful mission performance, when the system 

is fully within specification. 

The probability is absumed to be given by evaluating 

Equation (1^) in conjunction with the other significant pe: 

formance factors of each system state. 
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In the present example, it is simply assumed that this 

has been done for each partial system failure delineated 

by the block diagram of Figure 2.  Each leg of this block 

diagram is, then, a specifically accountable system state. 

The numerical values are assumed to be for each of the 

four system states: 

c1 =  P =0.998 

C0 = C.75P = 0.7^9 
2 , (19) 

C3 = 0.35P = 0.3^9 

c^ = OP  = 0.000 

8.0 Model Exercise 

8.1 Effectiveness Evaluation 

At this point, v/e are in a position to evaluate the 

expression 
__i  

E = A'D C 

For System Configuration No. 1, the multiplication of the 

three terms yields an Effectiveness of O.988O. 

8.2 Modified System Configuration - 
Acquisition Phase 

Analysis of the results obtained from evaluation of 

System Configuration No. 1 during the Definition phase 

suggested several modes for improving effectiveness.  The 
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analysis indicated that the Computer was the greatest 

single adverse factor influencing Effectiveness.  Consider- 

ing redundancy in this function and other changes noted in 

the following system definition indicated a probable increase 

in effectiveness from the value of O.9880 estimated for 

Configuration No. 1 to 0.99^0, showing the positive effects 

of redundancy.  At this stage (Acquisition Phase), the system 

is defined to be: 

(1) Three radar equipments, each of which shall 
provide surveillance of a selected sector. ■ 
Three antennas are to be provided, which are 
to be switchable among radars.  Each radar 
shall provide detection capability at the 
3000 nautical range. 

(2) Two data link subsystems, each of which shall 
be completely capable of handling all radar 
data. 

(3) Two storage and computing subsystems each of 
which shall be completely capable of storing 
all input data and predicting impact area. 

(4) Two communication subsystems each of which 
shall be completely capable of conveying all 
necessary data to the decision point. 

(5) Two data processor and display subsystems, 
each of which shall be completely capable of 
processing and displaying all required data. 

(6) Four independent power generating devices. 
Any pair of which, when operating at full 
capacity, shall be capable of supplying the 
total power requirement.  In normal operations, 
three generators shall be on-line, each oper- 
ating at two-thirds of full load capability. 
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(7)  Power lines capable of transferring power 
with no more than 0.3%  power loss at maximum 
load. 

Similar analyses during the Acquisition Phase coupled 

with more definite information on reliability, the diffi- 

culties inherent in the logistic support problem, and the 

importance of target threat evaluation led to further 

changes.  The system in the operational phase (System Con- 

figuration No. 2) consists of: 

(1) Three radar equipments, each of which shall 
provide surveillance of a selected sector. 
Any of the radar equipments shall be capable 
of operating with any of the three antennas. 
Switching shall be possible in less than three 
minutes for the transmitters and in less than 
1.5 minutes for the receivers; a spare trans- 
mitter shall be provided which can be switched 
into any of the three equipments in less than 
three minutes, 

(2) Two data link subsystems, each of which shall 
be completely capable of handling all radar 
data. 

(3) Two storage and computing subsystems each of 
which shall be completely capable of storing 
all input data and predicting impact area. 

(4) Three communications subsystems, any one of 
which shall be completely capable of convey- 
ing all necessary data to the decision point. 

(5) Two data processor subsystems, either of which 
shall be completely capable of processing all 
required data. 

Three data display subsystems, any one of which 
shall be completely capable of displaying all 
required data. 
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(6)  Six independent power generating devices, 
any four of which, when operating at full 
capacity, shall "be capable of supplying the 
total power requirement.  In normal opera- 
tions, five generators shall be ön-line, 
each operating at 80^ of full load capacity. 
Power lines capable of transferring power 
with no more than OOA- power loss at maximum 
load. 

8.3 Modified System Configuration - 
Operational Phase 

The operational configuration defined above is now 

evaluated following the same procedures used in evaluating 

configuration 1.  Figure 3 presents the functional block 

diagram for system configuration 2. 

The complexity of the system has now been increased by 

the redundant equipments.  If all combinations of success 

and failure for every equipment in System Configuration 

No. 2 are considered, the number of possible system states 
Q 

is approximately 10 . For this example--and in general-- 

however, consideration of the system's capabilities for 

various combinations of subsystem failures permits an 

appreciable reduction in the number of significant states. 

As an example, consider System Configuration No. 2 when only 

one transmitter is operable.  The system capability is no 

different in this case whether one, two, or three receivers 

are operable, since only one can be employed.  Therefore, 
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only two states of receiver operation need be considered, 

viz., none operable and one or more operable.  This assumes, 

of course, that the time to return the system to alert does 

not depend upon the number of failed subsystems.  This may 

be a bad assumption. 

A further simplification is possible if all states in 

which no system capability exists are treated collectively 

as a single state. 

Figure 4 illustrates the significant states to be con- 

sidered in evaluating this system under these assumptions. 

8.3.I Availability Determination 
(Configuration No. 2) 

The first step in this evaluation is the determination 

of the state availabilities (A.'s).  The model for each 

state is developed by considering the equipment states. 

Whether the system is in a particular state depends upon 

the number of equipments in each of the subsystems which 

are operable or failed.  For system configuration No. 2 

to be in state 10, for example, exactly three generators; 

two transmitters; two or three receivers; one or two data 

^Links; one or two computers; one, two, or three communication 

sets; one or two data processors; one, two, or three data 
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displays; and the power lines must be operable. If any 

one of the conditions is not met, the system will be in 

a different state. 

Thus, the equation which expresses the probability of 

being in state 10 is 

A  = a (3) a (2)   (3,2) /pos 
10  aG    T    R      0 ^ ^ 

where 

a-,^-5' = probability that 3 generators will be G operable (available, 

(2) a^ ' = probability that 2 transmitters will be 
operable (available) 

(1 2) &V '  =  probability that either 3 or 2 receivers 
will be operable 

a^ = probability that 1 or 2 data links; 1 or 
2 computers; 1, 2, or 3 communication sets; 
1 or 2 data processors; 1, 2i  or 3 data 
displays; and the power lines will be 
operable (available) 

A similar analysis for each state leads to the models 

shown in Table VI. 

The sub-models for evaluating the terms in the right 

hand side of the equations in Table VI are shown in Table VII; 

as are the numerical results obtained when the equipment 

availabilities from Table III are introduced. 
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TABLE VI 

Models for A. - System Configuration No. 2 

A1 - a0aG 
(4,5). (4,3)n (3) a aT A9 ~ a0aG  aT '     aR 

A2 ~ a0aG  ^  aT  J  aR  ' 
A_= a.aj3)arTi(2)aR(3,2) 

A0 = ar,a^ 
(^,5), (4,3)fl (1) 'a A^= a.aj3)a (2)a (1) 

Ml  0 G "R 

I - a a (4'5)a ^)a (3^) \  - a0aG    aT  aR A1£= a^C^aJ^ap^'
2^) 

A5 _ a0aG  '" aT  aR A-, Q— Q-pß-n S.; 
(2)a (4,3,2)a (3,2) 

A. - a a (4'5)a ^^a (^2*1. A6 ~ a0aG    aT  aR A1^- a0aG  aT 
(2)fl (4,3,2)a (1) a R 

A - a a ^a ^'^a ^ 7 _ 0 G   T     R 
A - a a (2)a ^B   (3,2,1) A15 a0aG  aT  aR 

(3), (4,3)fl (2) 
A8 " a0aGV '/aTX " '/aR 

  , (l)a (4,3,2,l)a (3,2,1) vl6_ ^0^  aT        aR A, £-= a^a. 

16 

A17  = 1 > 2. Ai 
1=1 

where a denotes availability; a-, ~ generator; a^ - transmitter; 

a^ - receiver; and a0 - power, data link, computer, 

communications, data processor, and data display. 

Superscripts indicate number of equipments of this type which 
must be operable.  Example: 

a^ >?)=  probability that'exactly 4 or 5 generators ^G are operable (available). 
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TABLE VII 

Sub-Models for Evaluating Terms in Equations of Table VI 

GENERATOR 

aG^=aG
5=0.9937^1 aG(2^=10aa

2(l-aG)3=1.97 x 10"8 

aG^4^5aG
i|(l-aG) =0.006244 aG^1)=5aG(l-aG)^=1.24 x 10"11 

aG^=10aG
3(l-aG)2=1.57xl0"5      aG^

35^aG^UaG^^ =0.999984 

TRANSMITTER 

aT^) = (aT)1|=0.995013 aT
(4i3)=aT^''+aT^)=0.999991 

aT(3^4(ari,)
3(l-aT)=0.004977        aT(4'3j2)=aT(4^3)+aT(2)-0.999993 

aT(2^6(aT)2(l-aT)2=9.3^xlO-6    aT^^3^2^1)=aT(4^^2)+aT(1)=0.999993+ 

aT
(1^4aT(l-aT)3=:7.78xlO-9 

RECEIVER 

ap^^a^O. 999250 ap^^^ap^^^+aj^^2) =0.9999996 

aR^
2^3aR

y(l-aR)=7.50xlO"
4    aj^^^^^^^^Vaj^^^O.9999998 

aR^=3aR(l-aR)
2=1.87xlO"7 

REST OF SYSTEM 

a0 ^{l-ri^)
2] {l-(l-ac)

2i [l-(l-aCG)
3j [ l-(l-ap)^ 

[l-(l-as)
3j  aL = 0.999071 

where a^ denotes data link; ac - computer; aco - communications; 
ap - data processor; ao - display; and aL - power lines. 
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I 

The probability of being in any system state at a' 

random point in time is given by utilizing the results 

of TableVIIin the equations of Table ~VT. The components 

of the availability vector are then listed in Table VIII. 

8.3.2 Capability Determination 
(Configuration No. 2) 

The assignment of the state capabilities for config- 

uration 2 followed the same assumptions as those made for 

Configuration 1, and are shown in Table IX. 

8.3.3 Dependability Determination 
{Configuration No. 2) 

As noted in the discussion of the dependability 

<    matrix for Configuration 1, the elements of the main 

diagonal approach unity while all others approach zero 

if the actual length of the mission is short compared to 

the mean times between failures for the systems.  To provide 

an indication of the effect of approximating the Depend- 

ability Matrix with the identity matrix, the effectiveness 

of configuration 2 was first estimated using the depend- 

ability matrix |Di equal to the identity matrix ,1 .  A 

value of E = 0.9970 was obtained. A second estimate was 
r 

made using the matrix D made up of its elements which 
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TABLE vni 

Numerical Values of A. 

System Configuration No. 2 

A1 = 0.998297 

A2 = 0.749 x 10'
3 

A3 = 0.187 x 10"
6 

Ak  = 0.933 x 10'5 

A5 = 0.175 x 10~lx 

A6 = 0.776 x 10"
8 

A7 = 0.157 x 10"
4 

Ag = 0.118 x 10'7 

Ag = 0.294 x 10"
11 

A10= 0.146 x 10"
9 

A11= 0.274 x 10"
16 

A12= 0.122 x 10"
12 

A1-,= 0.197 x 10"
7 

Al2l= 0.369 x 10~
14 

A15= 0.153 x 10
-15 

Al6= 0.124 x 10'
10 

A17= .00093 

278 



. 

TABLE IX 

Numerical Values of Ci 

System Configuration No. 2 

c1 = P = 0.998 

c2 = .95P = 0.9^8 

c3 = .35P = 0.349 

C^ = .75P = 0.7^9 

c5 = .35P = 0.349 

c6 = .35P = 0.349 

c7 = .90p = 0.898 

Cg = .75P = 0.749 

Cg = .35P = 0.349 

C10" •75P = 0,749 

Cll= •35P = 0'3^9 

c12= .35P = 0.349 

Cig= .65P = 0.649 

cl4= •35P = 0-3^9 

c15= .35P = 0.349 

Cl6= .25P =0.249. 

c17= 0 = 0 
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were significantly different from zero.  The value obtained 

in this case was E = 0.99696 which is equivalent to the 

value of 0.9970 obtained in the estimate using the matrix 1 

8.4 Analysis of Configuration No. 2 

In analyzing Configuration No. 2 for "bottlenecks" such 

as the single computer of Configuration No. 1, it appears 

that including a switchable spare receiver In addition to the 

swltchable spare transmitter might substantially Increase 

effectiveness.  However, when the model was exercis I with 

this additional change, the effectiveness was only Increased 

to 0.99707 (equivalent to O.9971) an approximate Increase of 

0.0001.  This improvement was not felt to warrant the expense 

involved in making the modification, and Configuration No. 2 

was selected as the operational model. 
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EXAMPLE D 

SPACECRAFT SYSTEM DEPENDABILITY 

1. ■"" INTRODUCTION AND SUMMARY 

In this example,, attention will be focused on the predic- 

tion of the Dependability characteristics of a Spacecraft System. 

This example is included in order to provide a more detailed 

analysis in the area of reliability prediction than was generally 

presented in the previous examples.  Again, the procedure demon- 

strated here should not be interpreted as constituting a standard 

technique.  Rather, the example illustrates the criteria involved 

in selecting a predictive approach and the exercise of the tech- 

nique selected. 

This example also shows one approach to the prediction of 

the reliability of a structure.  It is important to recognize 

that the structurax portion of many systems are Important con- 

tributors to the system's effectiveness, and must, therefore, 

be evaluated in terms of their influence on mission success. 

Because this example is limited to the Dependability 

analysis, the treatment of some of the steps in the general 

Effectiveness evaluation procedure will be less complete than 

in the previous examples.  The assumption is- made that the 

Dependability matrix developed herein will be compatible with 

other portions of the Effectiveness analysis. 
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II.  DEPENDABILITY EVALUATION 

1.0 Mission Definition 

The spacecraft system shall be capable of placing a variety 

of payloads, including multiple satellites. Into precise orbits 

about the earth.  It shall have the capability of restarting in 

space after a eufflcient coast period, dependent on the specific 

payload and attitude orientation in space.  The system shall be 

designed as an upper stage rocket propulsion vehicle. 

2.0 System Description 

The system described herein is a spacecraft for placing 

satellites in earth orbits. 

2.1 general Configuration 

The spacecraft is a liquid-propellant upper-stage rocket 

propulsion vehicle providing all the control elements necessary 

for placing a variety of payloads in precise orbits above the 

earth.  The spacecraft has the capability of injecting multiple 

satellites Into orbit about the earth after completion of one 

or more restart cycles In space.  Thrust vector and roll control 

during powered flight supplemented by coast attitude control 

provide capability for obtaining precise circular orbits. 

The payloads are 'protected with an aerodynamic shroud 

during the appropriate periods of flight, and upon injection 

- 
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Into orbit are separated from the stage by an automatic pre- 

programmed sequence.  Retro-thrust applied at separation 

decelerates the vehicle, preventing possible collision with 

the payloads. 

Throughout the mission the satellite launching spacecraft 

telemeters extensive flight data, A tracking beacon and range 

safety destruct capability are also provided. 

2.2  System Block Diagram 

Figure 1 shows a breakdown of the spacecraft into four 

systems, viz, propulsion, forward sectio.., ordnance ''except 

range safety) and structure.  The safety and arming mechanism 

of the range safety destruct subsystem, .which is located 

physically in and must perform correctly integrally with the 

propulsion system, is considered essential to mission per- 

formance.  It may be argued that the destruct arming mechanism, 

which is not required to function except in the case of failure 

should not be included in the flight reliability rrcdel.  l-.-'er- 

theless, this has been done in the interest of a through"-^ 

conservative treatment of range safety ordnance.  The risk that 

range safety electronics will fail to actuate the destruct 

mechanism, if required to do so, is distributed into a separate 

calculation.  This failure mode is always contingent upon an 
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already unacceptable.flight, and therefore does not affect the 

transition probabilities in the given formulation of the dependa- 

bility matrix. 
i 

2.3 Mission Profile 

In Figure 2 is shown a graphical representation of the 

sequence of events of interest in the dependability evaluation 

to be made.  A tabulation of main events in a typical mission 

is shown in Table I« These events determine the time_during 

which various stresses will be experienced by various compo- 

nents.  Individual computations for these components will be 

made for each time period. 

2.4 Delineation of Mission Outcomes 

It is assumed here that in the complete Effectiveness 
i 

analysis, mission outcomes have been defined such that three 

5 syptem states mast be considered.  These states represent 

system conditions in which one of three outcomes results: 

(a) Perfect operation; 

(b) Acceptable operation; or, 

^c) Unacceptable operation. 
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3.0 Specification of Figure of Merit 

Again, It Is assumed that the overall Effectiveness analysis 

has dictated that the Dependability analysis provide the proba- 

bilities that the system will complete the mission in each of 

the three states, given the state of the system at the beginning 

of the mission. 

4.0 Identification of Accountable Factors 

Determination of the elements of the Dependability matrix 

will depend upon several factors.  These are discussed below. 

4.1 Time-Between-Failures Distributions 

With the exception of the safety and arming assembly, all 

components in the propulsion system and in the forward section 

exhibit constant failure rates. 

The reliabilities of the ordnance and structure portions of 

the system are assumed to be Independent of time and will be 

estimated by appropriate methods. 

4.2 Stresses 

Since the stresses experienced by system components differ 

at various points in the mission, their individual effects must 

be considered. 
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4.3  Maintenance Policy 

Insofar as Dependability Is concerned, the significant 

observation concerning maintenance is that no repairs .can be 

accomplished during the mission. 

5.0 Model Constraction 

5.1 Delineation of System States 

The three mission outcomes delineated In Section 2.4 imply 

that three physical system states must be considered.  These 

states may be defined In terms of the conditions of specific 

components of the system. 

State 1,   which results in "perfect" operation, requires that 

all system components function properly. 

State 2, results from failure of certain non-essential 

components which cause degraded, but acceptable system operation. 

State 3 represents unacceptable operation result!-., from 

fa4lure of one or more essential components. 

In this example, all Ordnance, Structural, Range Safety, and 

Safety and Arming components are essential to an acceptable 

flight.  That is, any failure in these portions of the system 

will result in unacceptable operation. 
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In the Propulsion System and Forward Section, however, the 

failure of certain components will result only in the loss of 

specific desirable but non-essential functions.  For this reason, 

these items — and their probabilities of failure — must be 

treated separately from the essential items. 

In Table II are tabulated those Propulsion System components 

which provide functions that are not essential for an acceptable 

flight.  Table III shows a similar list for non-essential items 

in the Forward Section. 

The three states may be defined, then, as: 

State 1 -- All components operating properly; 

State 2 -- All essential components operating properly; and. 

State 3 -- One or more essential components not operating 
properly. 

5.2 Operational Considerations 
and Equipment Usage 

During the mission of the spacecraft, several different 

environmental conditions are experienced.  In Table IV these 

conditions are lualltatively described and the duration of each 

stress condition noted. 

Because the probability of failure is related to the stresses 

experienced and to the time duration of these stresses, the model 

must reflect this effect.  This will be accomplished by con- 

sidering Individually the probabilities of success for each sub- 

system during ea^h stress period, and then combining the results. 
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TABLE II 

PROPULSION COMPONENTS 
NOT ESSENTIAL TO ACCEPTABLE FLIGHT 

Pressure Transducers (10) 

Plowmeter 

Sensing Unit (Transonica) 

Oxidlzer Probe 

Thermlbtor Probe 

Valves 

Pitch & Yaw 
Tank Settling 
Low Thrust Roll 

Oxidlzer Vent Valve 

Fuel Vent Valve 

Quick Disconnects 

Liquid 
Gas 

Wiggins Valves 
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TABLE III 

ELECTRONIC ASSEMBLIES (FORWARD SECTION) 
|   NOT ESSENTIAL TO ACCEPTARTE PLIGHT    | 

|      Telemetry Conditioners          | 

1               Telemetry Transmitters          | 

i                Telemetry Antenna 

Telemetry Battery              | 

Vibration Transducers (3)        | 

1      Temperature Sensors (4)          1 

i      Low Pass Filter                | 
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TABLE IV 

1          SPACECRAFT ENVIRONMENTS AND DURATIONS     | 

Environment Time (Seconds) 

Booster Duration (Smooth) 

j Booster Duration (High Vibration) 

| First Firing Duration 

1 Coasting Duration 

| Second Firing Duration 

145    1 

20     | 

285 

1620    | 

10     | 

Total Mission Length 2080     1 
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Certain components of the system are not required to operate 

during all portions of the mission.  This fact must be reflected 

In the predictions made.  Specifically, the Range Safety System 

Is of Importance only until the first vehicle firing Is complete. 

Therefore, this system will be evaluated over a period of only 

450 seconds. 

5.3 System Model 

The fact that three states of the system are possible requires 

a three by three dependability matrix.  The matrix will be of the 

standard form. 

[D]. 

d11 d12 d13 

d21 d22 d23 

d  d  d 
31 32 33 

Because no maintenance is possible during the mission, no 

transition from a lower to a higher state is possible.  Further, 

since a system initially in State 3 cannot move to a lower state, 

the doo element Is equal to 1.0.  The actual matrix to be evalua- 

ted, then, is: 

d11 d12 d13 

LV  0 d22
d23 

0  0  1 

where 

d-, = probability that spacecraft will have no failure 
during mission; given that it is initially nonfailed. 
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d,0 = probability that the spacecraft will have one or more 
non-critical failures in the mission, given that it 
was initially non-failed. 

d  = probability that the spacecraft will have one or more 
•^  critical failures in the mission; given that it was 

initially non-failed. 

dpp = probability that the spacecraft will not have a critical 
failure in the mission; given that it initially has one 
or more non-critical failures. 

doo ~ probability that the spacecraft will have one or more 
critical failures in the mission; given that it 
initially has one or more non-critical failures. 

It is assumed in this example that the several subsystems 

are independent of each other. Therefore, the Product Rule is 

applicable.  The element d11 can be evaluated from: 

dll = RPRFR0RS 

where 

R = probability of no propulsion failure 

Rp = probability of no forward section failure 

RQ = probability of no ordnance failure 

Rs = probability of no structural failure 

Rp and Rp will be computed from the exponential equation 
N 

-£ Vi 
R=G

1:=1 

where 
N 

t. = time period of interest (total time period = j7 t. 
A
1 i=l 
,   failure rate anticipated during this time period, 

RQ and R will be determined from a peak stress analysis 
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The element d,2 represents transition from State 1 to State 2 

and Is represented as: 

dl2 = Rp%(1~RpRp) ^o^S 

where 

R' == probability of no essential component failure in 
propulsion system 

R" = probability of no nou-tsasentlal component failure In 
propulsion system 

R^, = probability of no essential component failure in forward 
section 

R" = probability of no non-essential component failure in 
^  forward section. 

This may also be expressed as 

d^2 = R^RpF^Rg - d^ 

Values for Ri* Rp, KL  and Rp may also be computed from the expo- 

nential expression. 

The d1_ element is computed from: 

d13 = 1 - R^R^Rg 

or 
dl3 = 1 " (dll + di2) 

The expression for d22 is simply: 

d22 - R
P

R
F

R
O
R s 

and for d 23 
d23 = i - n?VoR K      K s 

= 1  - d22. 
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f 
6.0  Data Acquisition 

In this section, the sources of failure rate data employed 

in this analysis will be discussed.  Additionally, because the 

stresses encountered by the system components will differ during 

various phases of the mission, adjustment factors must be 

employed to modify the basic failure rates.  Therefore, a brief 

discussJon of the environmental stresses vill also be presented, 

and the factors selected for application to specific components 

during various mission phases will be shown. 

6.1 Propulsion System Data 

Failure rates for components in the propulsion system were 

determined from actual usage in the various hangar checkout 

tests of the spacecraft and its propulsion system, both at the 

manufacturing site and at AMR prior to launch.  Failure data on 

identical components from both the Able and Ablestar programs 

was employed.  These data include information from the "Able" 

program which preceded the current program, and from test data 

on six . AJIO-IO^-  propulsion systems. 

6.1.1 Data from Previous Program 

The failure rates in prior analyses were based on thirteen 

successful flights of Able-type units prior to the first Ablestar 

firing with an AJ10-104 propulsion system.  In addition, there 

were four other Able units which, unfortunately, never had 
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opportunity to perform due to malfunctions occurring In the 

first stage vehicles.  The totax flight time for these units of 

1332 Seconds represented an average of a little over 100 seconds 

operation per propulsion system.  It was evident that a valid 

estimate could not be made with this data alone, since the time 

on each unit was only a little more than one-third the expected 

AJ 10-104 firing time and the total firing time was only four and 

one-half times that of a single AJ10-104  propulsion system's 

operating time. 

To obtain more operating time^ data were obtained from the 

pre-flight rating, acceptance, and checkout tests of these prior Abie-type 

vehicles flown.  The "hot" firings for all vehicles added up to 

3999 seconds.  Based on ten checkout tests of AJ 10-40 and 

AJ 10-42  propulsion systems, the average checkout time of a 

single vehicle is 64.4 hours,  llierefore, it was concluded that 

even the hot firing test time was not sufficiently significant 

for the analysis.  For seventeen vehicles the total checkout time 

is 17 x 64.4 = 1095 hours, which was used as the time base for 

all failures that occurred in any test phase. 

6.1.2 Data from Current Program 

Since that time, eleven AJ 10-104 propulsion systems have 

been fabricated and ground tested.  Of these, six have a history 

of time-related test data.  This time can be broken into 240 
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TABLE V.    FAILURE RATE OF PROPULSIODI SYSTEM COMEOHENTS 
(Baaed on Fallureo In Ground Tceto) 

Part typ« 

Accumulator, Dendlx 

Accumulator Aaay,, 
Prftaaur« 

Actuator Asay,.  Servo 

Block Aaay., Sarvo 

Hamaia Aaay.,  Propulalon 

Hoaa Aaay,, Naalataflax 

Manifoldi 

Able Unlt-Nanifold 
Conax Valve Manifold 
hydraulic Manifold 
Attitude Control Syaten 
Propulalon Syate« 

Manifold Total 

Probe Aaay., Oxldlcer 

Quick Dlaconneot 
(Uquld) 

Quick Dteconneot (Oaa) 
iReaervolr Aaay. 
2Si>ltch Aaay, 

Transducer,  Preaeure 

Preaaure Llnea k Tubea 

Valvaa 

Check Valve PCV 

Check valve OCV 

Check Valve 
(Pneuaatlc k Hydraulic) 

Valve Aaay., 
Fuel Control (FTCV) 

Valva, Solenoid 
(Subject to Propellent 

Valve Aaay. 
OxlSUer Control   (OTCV) 
Valve Aaay, 
Preaaure ike, Heliua 

Valva Solenoid,  Oaa 

Valve Aaay 
Preaaure Rig, Nitrofen 

Valve Aaay 
Tavco Da lief 

Valve Keller 
Hydraulic Preaaure 

Able Type Teat Tin« 
No. of Itema)(Koura) 

1       1095 

1 1095 

Not Available 

22        1095 

3       1095 

2 1095 

a 

5 

5 

1 

1 

9 

299 

Pallures In 
Able Type 

2190 1 

1095 2 

1095 1 

1095 1 

1095 1 

1095 0 

1095 10 

1095 4 

1095 1 

1095 1 

1095 1 

1095 5 

1095 6 

1095 1 

1095 2 

1095 3 

1095 
2 

1095 0 

1095 1    1 

Ableular Teat Time 
(No. of llemuHllouru) 

1 

? 

(> 
11 

7 

1 

9 

298 

321 

31'1 

155 

115 
321 
V:5 
115 

35S1 

155 

llh 
155 

321 

155 

155 

305 

115 

155 

155 

3?i 

155 

155 

155 

155 

155) 
155 

115 

115 

321 

Faliureu In 
Ablealur 

0 
0 
1 
0 

1 

0 

?) 
0 

2 

0 

2 

2 

1 

5 

0 

0 

5 

1 

Total Fallurea 
per 103 Houra 

2.119 

0.615 

1.606 

0.719 

0.115 

0.618 

0.317 

1.299 

O.678 

.116 

2.119 

.116 

0.860 

0.017Ö 

• 337 

.910 

115 

3.226 

1.771 

1.290 

3.226 

675 

1.299 

.116 

.706 

Ifiandlx Accumulator la aaauaa 

2For Confldenoe of f ' .50, 

3por Confidence at  f *  .50, 

i  to have the aame failure rate aa Rea*rvolr Aaaeably. 

0 fallurea In 1550 houra Indicate 1 failure In 2210 houra. 

0 fallurea In 1510 houra Indlcatea 1 failure in 2210 houra. 
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6.3 Ordnance Section 

For ordnance components, such as for stage separation, nose 

fairing separation and payload separation, each lot of  explosive 

devices Is tested to assure a reliability of .995 with 95 percent 

confidence. 

6.4 Structure 

Data employed in predicting structural reliability will be 

presented in a later section in order to facilitate the ditcus- 

sion of the predictive approach. 

6.5 Environmental Stresses 

In order to use properly the failure rates presented, two 

conditions must be accounted for.  First, the variations in 

stresses anticipated during actual flight must be considered; 

and, second, the differences in stress conditions existing during 

actual flight and those existing at the time of data collection 

must be evaluated. 

Several environmental conditions of flight (^vibration, vacuum, 

thermal conditions) are common to both propulsion components and 

electronic units. 

For each flight, the Ablestar stage may be described -as 

experiencing five distinct environments from first stage "ride" 

to final burnout.  These five environments are (1) the "ride" on 

306 



the booster stage below and above maxiraum dynamic pressure (max q.), 

(2) the "ride" on the booster during max o,  (3) the time 

of first firing of the AJ 10-104 propulsion system, i'4) the coast 

time, and (5) the period of re-start (second firing).  These times 

were shown in Figure 2.  The time between first stage burnout and 

second stage firing is not considered because It is too short to 

affect the overall calculations. 

6.5.I Stress Factors 

The failure rates listed in the tables were not obtained 

from in-flight vehicles.  Consequently, a stress factor designated 

as K, must be used as a multiplier for these listed failure rates 

so that the in-flight failure rate may be approximated.  Table V E 

(pg- 93) in Data Source #7 (WSEIAC) shows the various adjustment 

factors for different environmental stresses, as reflected in 

vehicle mission. 

As discussed below, a somewhat different approach is used in 

determining the K factor for propulsion components and electronic 

or forward section components. 

The electronic subsystems acceptance checkouts are considered 

as being at somewhat higher environmental stress than the ground 

conditions of Data Source #7 (WSEIAC).  The environment for 

electronic subsystems at maximum aerodynamic pressure of the 

boost phase is considered to be much more severe than the environ- 

ment for the remainder of the boost and vehicle operation. 
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Similarly, for each change of environment of the stage, the 

value of K changes for the propulsion system although somewhat 

differently from the assumed change of K in the electronics sub- 

systems.  Ground tests of the propulsion system components do not 

compare In many instances with the stress experienced in flight; 

i.e., nitrogen is used throughout during propulsion acceptance 

leak checks instead of actual propellants.  However, there is no 

difference in the electrical power applied to the electronic units 

between systems tests and flight operation. 

Propulsion System Factors 

The propulsion checkout tests are fairly severe.  The 

boosted flight, however, except at lift-off, during the transonic 

period and at stage separation, is quite smooth.  During these 

periods — which in total probably do not exceed 20 seconds -- a 

K factor of 6.7 is used. 

During the period of vehicle operation, a factor of unity is 

applied.  Since during the major portion of the Boost phase the 

stress Is less than during vehicle operation, a factor of 0.8 is 

employed.  The Coast period represents even lower stresses, 

leading to the assignment of values of 0.1 and 0.2 to K. 

The attitude control, however, continues to operate at an 

operational stress close to the design nominal.  Consequently, a 

value of 1.0 is employed for this device.  These factors are 
' ft- 

summarized in Table VII. 
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Electronic System Factors 

In calculating the failure rates for electronic components, a 

K factor of 200 (2I30 for ehe gyro reference assembly) was selected 

for the 20 seconds of maximum stress fwhich occurs at lift-off, 

maximum aerodynamic pressure and again at stage separation), a K 

factor of 25 for Booster phase, 40 for vehicle operation and 10 

for the coast period for the following reasons:  The stress en- 

countered by the electronics during Ablestar operation v.hen the 

electronics are requlrsd is a.ssumed to be somewhat hl'/Y       than 

the stress encountered during the ground systems test.  There is 

some empirical evidence that the failure rates determined from 

ground systems testing on the Ablestar electronics are about 25 

times the failure rates encountered under laboratory conditions.—' 

On this basis, it is assumed for the boost operation with power 

on and electronics not required, that the stress factor K is 25, 

and for the Ablestar operation with power on and electronics re- 

quired, that the stress factor is 40,  During coast period, a 

stress factor of 10 is used.  Vibratlonal effects are virtually 

non-existent, but vacuum, temperature, and other space Influences 

may tend to cause deleterious stresses during coast.  These 

factors are also shown in lable VII. 

1/ 
-From Table I in Ablestar Stage Reliability Progress Reports, 

SGC No. 105R Series. 
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7.0  Parameter Estimation 

Tn this section, the several reliability characteristics 

f.;-" the system components will he  determined, 

7.1  Propulsion System 

7.1,1  Probability of Perfect Flight 

The reliability of the AJ 10-104 propulsion system, 

including the mechanical components of the attitude control 

subsystem, is computed from: 

-(tlAl  + t2A2 + t3X3  + V^ + VV 
R = C. 

where 

f t. is the time during which a particular stress is 
1 encountered, and 

A.    is the failure rate during that period. 

The subscripts indicate the following time periods: 

1 - Booster ride 

2 - Maximum aerodynamic pressure during booster ride 

3 - First spacecraft operation 

Ü - Coast operation 

5 - P.e-start operation. 

Employing the failure rates and the stress factors dis- 

cussed in Section'6 the failure rates shown in Tt.jlo Mil ;.o-- w c 

several sub-assomblles of the propulsion system may be obtained, 
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I 
While not shown in this report, the failure rates of individual 

elements as sub-assembly components are presented in Reference 1 

' (Table 'VIJ, The reference also shows the K factors employed/ 

Generic failure rates for working and pressurized components; 

e.g.,   valves and pressure lines, listed in the reference are 

estimated failure rates during system tests on these items. 

Failure rates for structural and miscellaneous items; e.g., 

brackets, gaskets, are from Reference 2. 

Employing the summations of failure rates from Table vill rn 

the Limes fron; Msure 2, i.he p"obabl 1'ny r. f [;.? r":". •. \ -„p- : ' '•■ .,i' 

the propulsion and related systems is eätimaied fron : 

R      -  fc 
- f ~a:. OO ^ O ii 5 ) /( ^00 x' ( 1 000 ■        - ( c^S . 8 W 20 , /( 3600 , ( i 000 i 

I -(92. l4/(23^h//3600; (1000 '        -(2U.L2. , ( 1620 i/CioU), i xOuO 
e e 

-(94.12)(io)/(3G00)(1000 j 
e 

-85,811/3,600,000 
= e 

-.02384 
R  ^ e 

Rp = -9764 

7.1.2  Probability of Acceptable Flight 

The following reliability estimate is based on the assumption 

that items such as propellant and gas fill and drain quick dis- 

connects and the oxidizer and fuel vent valves are items which do 
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not function or operate after initial loading.  Any leak in these 

items will be detected while the vehicle is still on the ground. 

Also, certain disconnects and valves have redundant features which 

preclude leakage; therefore, their reliabilities will be approxi- 

mated by unity in the acceptable flight calculations.  These are: 

(1) fill and drain disconnects and shut-off valves, both fuel and 

oxidizer; (2) umbilical power disconnects, squib actuated and pull 

separation; (3) helium and nitrogen fill disconnects, and helium 

and nitrogen check valves. 

During the restart and second Ablestar firing, the pitch and 

yaw control valves need not operate; one valve of this type, which 

is used as a settling Jet, does not operate beyond this point. 

The pressure transducers are not essential for acceptable 

operation, and the destruct assembly is also not necessary for 

either "perfect" or "acceptable" flight; for it will be used only 

if the flight is, in fact, determined to be unsuccessful. 

Table IX lists the failure rates of these non-essential items. 

Subtracting these failure rates from the total failure rates of 

Table VI, the following estimates of the failure rates results: 

booster ride 56.09 - 18.12 ■-  3?.97; high vibration 545.8 - 153.1 = 

392.7; first operation of Ablestar 92.14 - 27.16 = 64.98; coast 

period 24.42 - 4.51 = 19.91; and second operation of Ablestar 

94.12 - 29.74 = 64.38 failures per 100C hours.  The estimated 
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reliability of the Propulsion System for acceptable flight Is 

thus: 

J(37.97)(l45)/(3600)(1000)  -(392.7)(20-)/(3600) (1000) 

R1'- = e e 

-(64.98)(285)/(3600)(1000)  -(19-91)(l620)/(3600)(1000) 
e e 

-(64.38)(10)/(3600)(1000) 
e 

-64,777/3,600,000 
= e 

-.017994 
= e 

= .9822. 

7.2 Forward Section 

The reliability of the forward section of the Ablestar stage 

is calculated through the use of the failure rate data summarized 

in Table vi. 

7.2.1 Probability of Perfect Flight 

Table X tabulates the failure rates of all electronic compo- 

nents in the Forward Section.  For a "perfect" flight, all 

assemblies listed in Table X must function properly.  The 

following calculations show the reliability estimate for a 

"perfect" flight of the electronics section. 
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TABLE >:.                     | 

RTECTRONIC ASSEMBLIES NECESSARY FOR PERFECT FLIGHT 

Assembly Name Generic Fr/106 Mrs.  | 

Essential Assemblies 
(See Table x) 

Telemetry Conditioner 

Telemetry Transmitter 

Telemetry Antenna 

Telemetry Battery 

| Vibration Transducers (3) 

Tempex-ature Sensors (4) 

Low Pass Filter 

8l6.8l 

388.82 
1 

31.86         ! 

2.00          1 

25.30 

90.00          j 

13.20 

.82 

TOTAL (perfect) 1368.81         j 

317 



-  1 rr   1 2017200) (1287.98) + 250(80.23)1 + 
R = e  3600x10° J  u -* 

1368.81 [145(20) + (285)(40) + 1620^10) + 

10 (40J/ 
- 0.0136 

^ = e 

Rp = .9865. 

7.2.2 Probability of Acceptable Plight 

Table XI lists the electronic subsystems which must work 

during an "acceptable" flight.  Since the static inverter dummy 

load can fail open and not cause serious degradation of the flight, 

only half of its failure rate is used for the "acceptable" flight. 

The BTL guidance package is not included in these calculations be- 

cause it is Government-furnished and is therefore, treated as being external 

to the Ablestar stage.  The following calculations show the relia- 

bility estimate for an "acceptable" flight of the electronic 

section: 

Rp = e 
36001xl06 (20L(200H737'2?) + (250)(80.83)] - 

8l6.24[jl45)(25) + (285)(4o) + (l520)(10) 

(10(402) 

- .0081 
R^. = e 

R^, = .9919. 
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f 
TABLE XI 

ELECTRONIC ASSEMBLIES NECESSARY FOR ACCEPTABLE PLIGHT 

Assembly Name Generic Pr/106 Hrs.    | 

Gyro Reference Assembly 

Electronics Package 

1  Programmer 

j  Accelerometer 

I  Distribution Box 

I     Battery Box 

Static Inverter 

1  Static Inverter Dummy Load 

|  Fuel Vent Cable 

80.83           1 

212.91           \ 

346.96 

75.44          | 

14.84 

23.14 

56.44 

1.13* 

• 12             j 

1  TOTAL (acceptable) 816.245 

1  »Total generic failure rate of these assemblies     f 
1  is 8l8.6l failures per million hours but only      1 
|  half the failures of static Inverter dummy load    | 
J   (i.e., failed open) will cause an unacceptable     | 

flight. Therefore, total generic failure rate     1 
}  is 816.81 - 1.13/2 = 816.245 failures per         | 
1  million hours. 
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7• 2-.-3  Range Safety System 

In determining the reliability of the electronic section, 

the reliability of the Range Safety System has not been included. 

This has been done because the functioning of the Range Safety 

System is wholly dependent pn a failure of another part of the 

stage.  The probability of the Range Safety System working when 

it is not supposed to is very remote and is, therefore, not in- 

cluded in the calculations. 

The electronics assemblies of the Range Safety System are 

listed in Table XII.  Since the Range Safety System is only 

required to function through SECO I, its operating time is 450 

seconds.  The reliability estimate of the electronics of the 

Range Safety System is shown in the following calculations. 

RS(electronlc8) 

. (20)(200)(665.51)+(143)(25)(665.51)+(283)(40)(665.51) 
= e 3600 x 106 

- .0035 
= e 

= .9965. 

The safety and arming mechanism is placed In the propulsion 

section and its reliability is estimated as .9982, apportioned 

.9984 to the switch and explosive charge and .9998 to the mechanism. 
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TABLE XII 

RANGE SAFETY SYSTEM ASSEMBLIES     j 

Assembly Name     i Generic Fr/10° Hrs. 

1 Tracking Beacon 

1 Receiver 

Control Box 

Battery 

Antennas (6) 

378 Beacon 

1 Beacon Battery 

1 Destruct Filter 

505.48      1 

81.60      | 

10.36 

25.30 

12.00 

18.67 

11.28 

.82 

TOTAL 665.51 
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The main contributors to mechanism unreliability are believed Co be 

the receptacle and spring plunger each having a constant failure 

rate.  The reliability of each of these two items is at least .9999 

for the time the destruct assembly is under stress.  The switch and 

explosive charge have an estimated reliability of .9984 based on 

data from Ordnance Associates, Inc.  When the ordnance is con- 

sidered, the estimated reliability of the Range Safety System be- 

comes : 

RRS ~  (-9965) (.999)2 (.9984) 

= .994?. 

The probability that a malfunction In Ablestar is of sufficient 

importance to cause a Range Safety destruct signal and that the 

Ablestar stage will be successfully destroyed is the product of 

two probabilities; I.e., (.994?) (probability Ablestar is off- 

course or lacking in velocity until SECO 1), 

or ''.9947) (1 - reliability of all propulsion subsystems 
necessary for acceptable flight and all forward 
section subsystems necessary for acceptable 
flight except the integrating accelerometer). 

(.9947) fl-^xp - ([(l^)(37.97)+(20)(392.7)+285(64.98J) ) 

L- 3600 x 10 

(exp _ D20)(200)-Kl45)(25)+(285)(40)7 [1661.6)1 

+ r(20)(250)+l45)(25)+(285)(40)7 080.83)7 H 

3600 x 10 

= (',9947)13 - (e-0089)(e-0040)J 

= (.992+7)^l - (.9911)(.9960)] 
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= (.9947)(1 - .9871) 

= (.9947)(.0129) 

= .0128. 

Consequently, the probability that destruction will be neces- 

sary is 1.29^ and the probability of being destroyed is 1.28$.  The 

probability of an Ablestar going off course and not being success- 

fully destroyed is .0129 - .0128 = .0001, or 0.01$. 

7.3 Ordnance Items 

Excluding range safety ordnance, the ordnance of the Ablestar 

Stage includes the booster and Ablestar separation, and the nose 

fairing Jettison.  Both must function properly for acceptable 

flight.  There are two explosive bolts on the nose fairing, i8o0 

apart, two sets of actuators (two each) on the nose fairing 

assembly, and three explosive bolts on the interface between the 

first and second stages.  Each of the separation assemblies has a 

demonstrated reliability of at least -995 with 95$ confidence ' 

The same number of tests without failure which demonstrate a relia- 

bility of .995 with 95$ confidence also demonstrate a reliability 

of .9988 with 50$ confidence.  The inherent reliability is certainly 

greater than the demonstrated reliability and is estimated at 

.9988. 

-aerojet Specifications AGC 54006 and AGC 54009 (Per STL Memo 
#7740.14-21). 
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Consequently, the reliability of the Ablestar ordnance 

(excluding range safety) is estimated to be: 

R0 = (.9988)(.9988) 

= .9976. 

Two redundant SEV-22M Conax retro system control valves in 

the propulsion system provide a counter thrust at payload separa- 

tion so that the Ablestar will not hit the payload and damage it 

or interfere with its proper orbit.  There are also two Conax 

vent valves in the forward tank which are actuated subsequent to 

payload separation to minimize possible explosion due to residual 

propellants.  These redundant Conax valve systems are at least as 

reliable as the other ordnance subsystems, so their reliability 

also is estimated nominally at .9988.  Thus total ordnance relia- 

bility, excluding range safety, is (.9976)(.9988) = .996^- 

7.4 Structure 

In order to demonstrate one approach to the assessment of 

the reliability of a structure, it is assumed that test data of 

the types noted below are available. 

7.4.1 Test Data 

Previous experience has shown that critical structural 

members exist in the tanks and in the transition stage.  Other 

structures are engineered with sufficiently proved safety factors 

to warrant assignment of a reliability unity.  Testing is con- 

centrated, therefore, on the critical items. 
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Tank Reliability 

In view of a reliability reserve. It was possible to adopt 

the thoroughly conservative ■methodology of proving tank yield 

points against proof pressures In lieu of the looser (but still 

valid) procedure of proving burst points against maximum expected 

operating pressures (MEOP).  For the helium tank, burst testing 

has shown that rupture occurs at 6077 psi.  The working pressure 

(MEOP) is taken as 4400 psi for this analysis, and a safety 

factor of 1.1 is applied to obtain a proof pressure of 4850 psi. 

In order to evaluate this safety margin on a probability basis, 

strain gages placed at points of each helium tank during proof 

testing provided 31 measurements of strain and stress during the 

burst test. Table XIII shows typical data from the test. 

Yield points for these 31 stress-strain variables were deter- 

mined by graphing strain data from the rupture testing against 

pressure.  Knick points in the graphs determine the strain for 

this material and tank configuration at which Hooke's law of 

elasticity ceases to hold, namely, the yield points.  These plots 

and the knick points were assembled in four graphs, an example of 

which is shown in Figure 3.  These graphs indicate that 16 data 

curves reach yield points near or before the tank burst pressure. 

These are the most suitable locations for reliability tests. 
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By making 16 comparable series of pressure-strain readings during proof 

tests on helium tanks for successive vehicles, a series of maximum strain read- 

ings coald be obtained for each point. Suppositional data listed in Table XIV to per- 

mit completion of the calculation example.  The maximum strain for 

each of 8 supposed tests is derived from the Table XIV data and 

listed in Table VI together v/ith the nick point derived from the Table XIII data, 

an extreme-value plot of these maxima is presented in Figure 4. 

Prom these plots the structural risk determined -for each location 

is assessed and listed in Table XV.   The maximum risk, .000015, 

is at the location which is weakest for the mission analyzed. 

This risk is the structural unreliability of the tank against the 

burst mode of failure, and 

1 - .000015 = .999985 

is the structural reliability of the tank. 

A gage, or "point," represents a location and directional 

reference of strain, caused by stress properly imposed under 

simulated environment. 

It will be noted from Figure 3 that the traces of strain 

gages #21, #31 and #33 did not show knick points from the rupture 

testing.  This means that the strains measured by these gages did 

not extend to include yield points of the tank.  Hence, the gage 

locations were representative of relatively strong points in the 

tank configuration and will be excluded from the further analysis. 
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In particular, these gage points would not be instrumented In 

proof testing the tanks of successive production vehicles. 

In general, engineering Judgment should be used to Instru- 

ment the suspected weakest locations of the structure being 

evaluated by destructive testing.  The Instrumental traces are 

then examined for yield points.  The locations for which yield 

points appear should be Instrumented during future structure 

reliability proof testing of production Items.  Reliability of 

the Individual vehicle structures may then be calculated. 

Further comments   chls approach are presented In Section 9- 

Transition Stringer Reliability 

Through similar considerations, again using suppositional 

data in order to provide a ready example (TableXVI), the case is 

considered in which too few data are available for fitting extreme 

value functions. For  such a case, a graph like Table II in 

Reference 7 (which is based on normal-curve, or Gaussian, proba- 

bility theory) may be developed.  It is recommended that sample 

sizes from 3 to 7 be included In this graph at 65^ statistical 

confidence, and that the graph be extented to 6 nines. 

The reason for suggesting that a confidence level should 

automatically be imposed is that, for so few tests, statistical 

accidents of sampling can occur with unacceptable frequency 

unless so controlled.  The reason for recommending 65^ confidence 
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TABLE   XVI                                                                1 

TRANSITION  STRINGER 

Failure  Stress Design Load x 10~3 »Yield  Point x  10-3 

i    Moment(In-lb) M0 = 787.5 1,217.7 

1,261.0 

1,292.1                       1 

3r = 1256.93 

S = 37.4044 

K = 12.55                   j 

R =   >> .9999** 

!    Axial  Load   (LB) A0  = 123.9 250.O                          | 

I 262.5 

273.9 

JT = 262.13 

S =   11.9542 

K = 11.56 

R =   >> .9999**      j 

♦Suppositional data only. 

**cf Reference 7,  Table II.                                      1 
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is that binomial and exponential models result in the same— relia- 

bility estimate from the same test data at a confidence level 

between 62^ and 63^ (imposing, thus, a lower limit on the most 

suitable confidence level), while on the other hand all feasible 

information should be drained from these few and expensive data 

(imposing an upper limit).  For more than 7 points, extreme value 

4/ curve fitting is deemed potentially more accurate.—' 

Stringer members of the Ablestar transition-stage structure 

have a torque design load M = 787,500 inch-pounds.  From 

suppositional data, provided in Table 16 to permit presentation 

of an example of Gaussian-model analysis, it is calculated that 

X - M 
K =   Q 

0 = 12.55 > 8. 

Since the mean yield point (calculated for the 3 suppositional 

tests by methods like the knick-point determination discussed 

earlier) is more than 8 standard deviations above the design load, 

any possible unreliability may be ignored in accordance with the 

suggestions in Reference 12.  In other words, structural relia- 

bility against this failure mode is estimated conservatively to 

be Insignificantly less than unity and will be taken as unity. 

Note that the standard deviation was estimated using N-l as a 

divisor (small-sample estimator). 

— Provided no failures occur during test, 
4/ 
— However, it is conceivable that more than 7 structural readings 
which are not maxima of sets could be analyzed by the Gaussian 
stress-strain technique. 
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Stringer Reliability Under Compression During Boost 

Similarly^ Table XVI provides the calculations from 

suppositional axial-load tests of 3 stringers which show the test 

mean to be more than 8 standard deviations above the design load 

A0 = 123,900 pounds.  Therefore, structural reliability against 

this failure mode also will be taken as unity.  Combining the 

results obtained above produces (by product rule) a total 

structural reliability of 

RQ = (.999985)(1.000000)(1.000000) = .999985 

Rs = .9999. 

Alternative Techniques 

For structures which are simple in the sense that the distri- 

bution of mission stresses throughout the structure can be deter- 

mined analytically, strain data can be related to stress by methods 

like those in Reference 15.  If strengths 01 all materials are known 

and can be used to obtain the structural strength of eacn member 

against all significant failure modes, it may in some cases be 

possible to determine reliability by propogating the sample-to- 

sample variance in yield points into the variance parameter of 

the density function of the yield points. 

For complex structures for which suitable stress-distribution 

equations and other performance equations can be developed 

explicitly in compatible transfer-function form, a combination of 

the methods in Reference 13 (for environmental stress effects) 

and 14 (for probabilistic determinations) should be developed. 
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8.0 Model Exercise 

It Is now possible to evaluate the elements of the Dependa- 

bility matrix by substituting the parameter estimates made in 

Section 7.0 in the models presented in Section 5.0. 

The several probabilities determined in Section 7.0 are 

summarized below. 

Parameter Probability  1 

Rp .9764    i 

RP .9822    j 

% .9865 

K .9919    1 

"o .9964    1 

Rs • 9999 

1  RSafety & Arming .9982 

The models presented earlier will first be evaluated, 

including the effect of the Safety and Arming device in the 

d11 element 

dil = R P ^ ^ RS RS+A 

(.9764)(.9865)(.9964)(.9999)(.9982) 

.9579 
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I   = R' R' R  R  - d 
12    P F 0  S   11 

= (.9822)(.9919)(.9964)(.9999) - .9579 

= .9706 - .9579 

= .012? 

d13 = 1 " (dll + d12) 

= 1 - (.9579 + .0127) 

= .0294 

'22 
i _ i 

Rp Rp HQ Rr 

= (.9822)(.9919)(.9964)(.9999) 

= .9706 

d23 = 1 - d22 

= 1 - .9706 

= .0294 

The resulting matrix, then, is: 

[o> 
0.9579 0.0127 0.0294 

0  0.9706 0.0294 

0      0   1.0000 

This result can then be employed in conjunction with vectors 

for Availability and Capability as demonstrated in previous 

examples. 
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9.0 Additional Comments ■• Structural Reliability 

The calculation of structural reliability is recommended for 

those areas where any substantial compromise with reserve strength 

has been necessary in order to Increase vehicle performance within 

prescribed weight limitations or similar constraints.  It is also 

recommended where new departures in structural design transcend 

the availability of solid, engineering experience with safety 

margins.  Within the current practice of providing adequate, 

solidly based engineering safety factors to well analyzed structures 

of known characteristics, however, structural reliability may 

customarily be taken as unity. 

Because of this, programs may often be funded under restric- 

tions that prevent extensive application of expensive structural 

tests, without which the variability data necessary for statistical 

appraisal of the risks of structural failures during mission 

operations (structural unreliability) cannot be assessed.  Con- 

sequently, it is appropriate to exemplify two structural cal- 

culation models, one for proper statistical analysis based on 

extreme-value theory, and the other for statistical control of 

the structural risk when data are insufficient for proper analysis. 

The general theory of extreme values of structural strain is dis- 

cussed briefly below, with references.  The two examples pre- 

sented in Section 7.4 illustrate these approaches. 
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For structures, only two states are considered, namely, not 

failed and failed.  There is at least a third state in which a 

yield point, or elastic limit, of a structural member has been 

exceeded without mission degradation.  However, state-of-the-art 

data are not expected to suffice for useful conclusions as to 

reliability within this marginal region. 

9.1 Extreme Value Approach to 
Evaluation of Structure 

Application of the extreme value theory to the validation of 

structural designs gives the analyst a significant tool in the 

assessment of test results of various structural members.  In 

turn, it provides a basis for prediction of the reliability of 

individual components or structural members.  It is, therefore, 

an important ancillary method for the Safety Margin Analysis Theory. 

Preliminary considerations given to the application of the extreme 

value theory indicates that it can provide means for rapid graphical 

analysis of the best results and give valid results on which to 

derive significant engineering conclusions. 

The strength of materials In engineering has been always an 

important design criterion.  The growth of statistical methodology 

provides important means to further refine and sharpen the 

analytical and design considerations of equipment structures.  For 

example, for observations based upon strength of materials, if the 

ratio s :x is increased from 5^ to '^5%,  where s is standard deviation 
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from measurement and x is mean strength, then the failure rate 

Increases by a factor of 50, approximately once In 500 observa- 

tions.  Hence, the scatter In ultimate strength should be con- 

sidered.  See Figure 5- 

Increased scatter can be caused by three sources:  (l) The 

material and surface conditions of the specimen; (2) Errors In 

the nominal loads of the"testing machine; and, (3) Environmental 

changes.  (l) and (2) imply that the machines or specimens are not 

homogeneous.  (l) could also indicate that the stress levels of 

the test are not sufficiently separated as may occur in the case 

when observations may be assigned to the wrong stress level. 

Increased scatter can be caused, for example, by increasing the 

temperature of the material at different Intervals of time during 

its application. 

The scatter is a function, therefore, of the sample size and 

provides realistic protection in structural validation. 

A good book" treating the subject contains an article con- 

tributed by E. J. Gumbel called "Statistical Estimation of the 

Endurance Limit, An Application of Extreme-Value Theory." Gumbel 

defines the probability of survival, l(x), which is the same as 

reliability, and plots a family of l(x) curves on S-N axes.  See 

Figure 6.  Stress is S and the number of cycles is N.  These 

curves are plotted in logarithmic space. 



n*) 
a = standard deviation trom measurement 

x = mean strength 

too ifo 

Strength - i Limit Load 

PIGURIS 3 

ULTIMATE STRENGTH AS A FUNCTION OF 1 
x 
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FIGURE 6.    A FAMILY OFi,(x) CURVES 
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The curves are based on fatigue tests where the variables of 

interest were minimum life, true endurance limit, endurance limit, 

and probability of permanent survival. 

Freundenthal has also done- some extensive work in applying 

extreme value theory to repeated and ultimate load to improve the 

reliability.  He suggests that a more rational bat-is for selection 

of safety factors should be based upon the concept of probability. 

His article, "Safety, Safety Factors and Reliability of Mechanical 

Systems," is published in (10). 

In this method scatter is a function of the sample size, N. 

This method clearly points out the "3s" fallacy commonly used by 

test engineers.  The 3s method assumes that, no matter how large 

the sample size becomes, the risk that some member of the sample 

will exceed 3 standard deviations stays constant.  However, this 

is not the case.  The scatter (i.e., sample range) always tends 

to Increase as more samples are taken.  Also, the width of the 

confidence interval becomes wider for probabilities that approach 

one.  Thus, the extreme value is a good indicator as to the over- 

estimation or underestimation achieved by the assigned safety 

factor used in the design of a given structure. 

Consider N random observations X-^, Xp, . . . . , X that are 

rearranged in descending order of raagnitude and denoted by 

x(l)» X(2)J ••••> Xi'nV We assume that these observations are 
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from  the follov.'irur cumulative distribution function (cdf): 

-e -y 
p/'y)   = e ,-oo<y<+&o 

v/here y Is  the  reduced varlate defined by: 

X   -  9-, 

y2 

and where Q-^  is the location parameter and Q^  is the scale 

parameter. 

Now let 

P=e  '  _________ -(equation A) 

where P is defined as 1 - _L, for smallest value theory and 

where i is the ltn ordered observation.  The range of this 

cumulative distribution ^unction is (  1_,  2. ...  N_) where 

rrjT- approaches unity as N becomes large.  Taking double logarithms 

y = -lnn i-lnn ?] 

We now have the line: 

X = ei + 92 y 

which Is plotted on extreme value probability paper.  Qg is the 

slope of the line and 9-^ is the intercept.  The slope indicates 

the scatter of the observations.  The shallower the slope, the 

greater will be the scatter. 

By extrapolating the line, the model gives us protection 

against the weakest link in any furure observed sDecimens.  For 
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example, we can find the smallest value, X,., „., for K future 
[ JN+K j 

observations by extrapolating the line to a value that corresponds 

to the cumulative probability distribution of P = 1 - ii±L = „ j- =-. 
N+K+l  N+K+l 

However, the width of the confidence Interval becomes larger as 

K increases.  This seems reasonable because the uncertainty 

increases for statements on, say, the billionth extreme. 

9.2 Practical Considerations 

As pointed out in'the discussion, the problem is to devise 

a structural validation method which combines minimum safety 

factor, designer-'s Judgment, lifetime history, and conditions. 

To emphasize the powerful flexibility of extreme value theory 

this example looks at one test performed on a spherical tank, 

where comparisons are made on strain gage readings by looking at 

three particular pressures of the test; namely, burst, proof, and 

working pressures. 

The proof pressure was chosen before the test by the fol- 

lowing method: 

Proof Pressure = (safety factor) x (working pressure) where 
the safety factor was taken as 1.1, hence 

working pressure = 4400 

proof pressure = 4840, 

It turned out that the burst pressure was 6077.  Looking at the 

largest of the extremes of these three lines It can be seen that 

burst occurs well above the proof pressure line.  The designer's 

safety factor appears to be a very safe value based upon the 

results of this one test. 
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If more tests were taken independently and plotted in a 

similar manner,, then from the variance and mean (i.e., from the 

parameters in the extreme value distribution) the lines corre- 

sponding to the level of protection can be drawn if it is assumed 

that the positioning of the strain gages on the sphere does not 

influence the reading for any particular sphere.  This is one 

reason why more tests should be taken, because then the various 

strain gage populations can be separated by ranking procedures 

in the theory of order statistics.  In most cases this would 

substantiate the test engineer's choice in placing the strain 

gages. 

Figure 7, graphed from the data in Table WII, shovs that t.ne 

readings of these thirty-one strain GP-S^ from this one test should 

be separated into more than one population.  The physical match 

would be that many of the gages are far below the critical point 

when the burst occurs.  The graph shows that a minimum of 13%  of 

the gages belong to another population.  After this separation 

the variance would decrease and the mode would increase. 

In the graph, since the burst line is much higher than the 

proof line above the working line, the designed safety factor is 

adequate.  The fact that three strain gages were very high makes 

the others suspect.  This burst line would be an upper limit for 

this test, and can be assigned a reliability of zero fi.e., the 
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TABLE .://: c 

ORDERED STRAIN READINGS 

Strain at Strain at Strain at \ A              1 
1 i Burst 

Pressure 
Proof 

Pressure 
Working 
Pressure 

ST 

1 

2 
4343 
4548    1 

3347 
3491 

3028    1 
3124    i 

.031 1 

.063 

I  1 
5 

4824 
4903 
5017 

3542 
3722 
3761 

3220 
3399 
3*34 

.094 

.125 

.156 

6  ' 

I 
5065 
5211 
5239 

3814 
3847 
4010 

3450    ' 

3588 

.188 

.219 

.250 

9 
10 

1 11 

5601 
5682 
5747 

4053 
4094 
4111 

36A6 
3685 
3712 

•28i i 
.313 
.344 

12 5769 
5845 
5897 

4l60 
4177 
4208 

3722 

mi 
.375 1 
.406 
.438 

11 
17 

5931 
5952 
5992 

4255 
4338 
4348 

3846 
3858 
3925 

.469 
• 500 
.531 

18 
19 

| 20 

6004 
6016 
6023 

4362 
4370 
4390 

3926 
3940 
3940 

.563 

.594 

.625 

i 2i 
1 22 

23 

6032 
622? 
6237 

4434 
4555 
4651 

4002 
4108 
4224 

.656 

.688 
• 719 

24 
25 
26 

6266 
642? 
6494 

4730 
4907 
5008 

4310 
4432 - 
4499 

.750 

.781 

.813 | 

1^ 
29 9460 

5020 
5038 
5068 

^553 
4564 
4580 

.844 
1 •87§- 

.906 

30 
31 

1   5232 
5375 

^777 
4869 

1 .938 
j .969 
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line of sure failure).  More tests would give the variance of this 

sure failure line and the 3-S limits of this sure failure line 

must not intersect the 3-S limits of the working line. 

Analysis by Calculation and/or Graphing 

As explained in the discussion of the method of analysis, 

rapid results of analysis can be achieved. Moreover, this method 

affords graphical means of analysis which provides the designer 

the additional assurance of confirming his own engineering 

experience. 

For N L.  18, the Type I extreme-value function should be 

fitted by a computer program using modified  least-squares 

equations, and checked by graphing.  Graphical solutions may be 

feasible for larger samples.  For extreme-value calculations and 

graphing, the maxima (or minima) used as observations are ordered 

in size, and the J  cumulative frequency is determined by the 

formula. 

F1 = N+P  J = ^ 2> 3' —N' 
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y A MODEL FRAMEWORK FOR SYSTEM EFFECTIVENESS 

Prepared for the Weapon System Effectiveness Industry Advisory 
Committee, Task Group IV by H. Balaban, ARINC Research 
Corporation, February 1964. 

1.   INTRODUCTION 

The model framework for system effectiveness that is 
summarized in this paper was developed primarily for air- 
craft systems| application to other system types will, for 
many cases, be quite direct.  The approach used for quantify- 
ing a probabilistic or expected-value figure of merit for 
system effectiveness is based on matrix representation of 
system-state probabilities which may be analyzed through ths 
theory of Markov chains. 

The framework will be developed through first considering 
a probabilistic figure-of-merit for a system for which there 
exists just a single performance-point in time.  This restric- 
tion is then relaxed to include a finite number of such points. 
This vector of discrete performance points is then extended to 
one which contains discrete performance intervals.  The final 
extension is consideration of an expected value figure-of-merit, 
Sub-models for quantifying some of the required inputs to the 
overall model are also discussed. 

2.   BASIC ASSUMPTIONS AND CONDITIONS 

(1) Aircraft systems with a known mission length are 
considered.  After mission completion, facilities are avail- 
able for performance of maintenance actions. 

(2) Units in the system can be classified into two 
states -- success or failure -- in consonance with the usual 
definition of reliability.  That is, a successful unit is 
defined to be on« that meets its design specification. Cap- 
ability  accounts for the adequacy of the specification for 
the mission under consideration. 

(3) The state transition process is Markovian; that is, 
the state cf the system at some future time is dependent only 
on the present state and future performance, and not on how 
the system reached its present state. 

(4) The system level at which the system states are 
represented comprises only units that are mutually indepen- 
dent with respect to their performance (output) and their 
effect on mission accomplishment ( capabilities). 

**  Abstracted from the report, "System Effectiveness: Concepts 
and Analytical Techniques", H. Balaban, D. Costello, ARINC 
Research Corporation Publication 267-01-7-419, under Air 
Force Contract AF 33(657)-10594, January 1964. 
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3.   SINGLE PERFORMANCE-TIME POINT 

Consider a system which is to perform a mission of t 
hours duration, over which each unit may be prone to failure. 
At time t all required functions must be successfully per- 
formed.  Effectiveness is defined to be the probability that 
the system will be "ready" at the beginning of the mission 
and will be able to successfully perform all functions. 

The following vectors and matrices are defined, assuming 
four possible system states. 

V = (vi, v2, .V3J v4) 

where v^, =» probability that the system is In State 1 at time 0, 

the beginning of the mission; 

W = 

w. 
w. 

Wr 

0 w. 

where w. = probability that the system will be used for the 

misslonj given State 1 at time 0; 

D(0, t) = 

D
ai(0, t) D22(0, t) D23(0, t) D24(0, t) 

D31(0, t) D32(0, t) D33(0, t) D34(0, t) 

_43- 42 4a 44 

where uij(0, t) = transition probability that the system 

Is in State J at time t, given State i 

at time 0; and 

C = '-a 
C3 

c^ 
th where c. = probability that the I1"" system state will lead 

to successful mission accomplishment. 

354 



These vectors and matrices are characterized as follows: 

V vector (state readiness) - a function of reliability on 

previous missions and during ground maintenance, mainte- 

nance diagnostic and repair capability, logistics and 

other ground support factors 

W matrlx(mlsslon readiness) - a function of diagnosis of 

system state (during alert phase), operational policy, 

system flexibility, system backup 

Dmatrix (state transition) - a function of reliability and 

in-flight repair capability 

C vectorJ capability _) - a function of design 

specifications, mission requirements, performance 

capabilities, external environment. 

Under the basic restrictions and assumptions given in 
Section 2, effectiveness is represented by the equation 

E = VWDC, (Equation 1) 

which, by performing the indicated matrix multiplications, 
yields the equation 

4  4 

E = )  ) viwiDij'0' t^cJ'    (Equation 2) 
J=l 1=1 

The general term of Equation 2 is 

P(State i at t = 0)-P(systera is used, given State i at 
t = o). 

P(state transition from i to j during the mission)- 
P(all required functions are performed, given State j). 
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Even with the extreme simplicity imposed on this example, 
there still remains the problem of quantifying the elements in 
the V, W, D, and C matrices. Several pertinent considerations 
are presented in Section 7. 

4.   MULTIPLE PERFORMANCE-TIME POINTS 

In this section we relax the assumption that only a single 
performance-time point exists.  In order to maintain the 
discrete-parameter case for purposes of simplicity, we now 
assume that m performance-time points are established, t]_, 
t2,....tm, and that t0 is time 0 and tjj, is the mission length. 
For each ti there exists a set of required functions [F^J, 
which will generally vary with t^. 

The following matrices are now defined: 

(Vx'V = 

.^I-X'^ ^I-X'V  •••D-S3(ti-X'tl) 

where 1 1 i 1 m, D jjc(t^_^, t^) is the probability of a transis- 
tion from State j to State k during the interval (ti^t^), 
and s is the total number of system states.  [Note that if 
ti =  0, D{tQ,ti) is the identity matrix.] 

C(t.) 

.(t,) 

^(tj 

o 

o 

c (t.) s  1' 
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where cic(t.) is the capability of the system, at time ti 
if it is in State k.  Thec^t.) elements are thus related 
to the set of required functions (F.j. 

c(tm) « 

^ 

^ 

c (t ) sv m' 

where cic(t_) is defined in the same manner as ^(t*). 

Then we have the following equation for effectiveness, E: 

m 
E = W 'n"[D(t1_i,t1)c(t1)]J (Equation 3) 

1=1 

where V and W are as defined previously. 

All comments made in Section 7 pertaining to 
quantification of the elements in the V, W, D, and C matrices 
apply to Equation 3 .  The algebraic manipulations for a 
two-state, two-time-interval situation are shown below. 

For display purposes, let 

c{k
X)  = cjt.) andD^ = D ^{t^. t.). 

Then the equation 

E = VWu)(t0,t1)C{t1)D(tlft2)c(t2) 

reduces, by pairwise matrix multiplication, to 
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E =   fv w  .v w 1 L   1   1*    2   2j 

W?^ 
DWC'DDWCW 

21    i       22    2 

Df2\(2K  D^c^" 
ii   i 12    2 

D(2)cr2) D(2)c(2^ 
21    1     ' 22    2 

which then reduces to 

E = vwn    c      +vwU/c 
1    lUll^ 1 2    2    21    1 

v w D^c^ 
1    1U12    2 

_   11    1 '12    2    J 

+ V w U     c 
2    2    22    2 

■Dra)c(2) 

21    1 +   D22C2 ] 

It is noted that for the case in which there is no in- 
flight repair, the matrix product P^ = D (t • _■, , t. )c (t. ) is 
triangular for i = 1,2,....,m-l, if system-state numbers are 
assigned by the rule described in Section 7,3. Then the 
product 

m-1 

TF h 
1=1 

is also triangular; if programming advantage is made of this 
fact, significant savings in computer time can result. 

5.   MULTIPLE PERFORMANCE-TIME INTERVALS 

A further extension would be to relax the restriction 
that functional performance is required only at discrete 
points in time.  We shall now consider a vector of performance- 
time intervals T* which represents the intervals from t^ to 

t^ + A^, where i = 1, 2,..., m.  In order to maintain a 
discrete-parameter Markov chain, we shall assume that for 
system success no state transitions are allowed during such 
intervals. 

Define the matrix GlT^), which represents state continuance 
as follows: 
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i 
a{ix)  = 

9jTt) 

o 

SJV 
O 

9 (Tl) 

where ^(T^) represents the probability that, given State k 
at time tj_, no state transition occurs before time tj_ + A^. 
If the intervals T^, T2f.•.i Tm can be constructed without 
resulting in overlap in the t^'s, which might occur because 
of varying functional performance-time requirements, we then 
have, from Equation 3, 

m 

1=1 

For cases where overlap does occur, e.g.. Function 1 is 
required for time-period 0-2, and Function 2 is required for 
time-period 1 to 3, it is possible to obtain the value of 
E{Fj), the effectiveness of the jth function. Overall system 
effectiveness is then an appropriate combinatorial function of 
the E(Fj). 

6.   EXTENSION TO AN EXPECTED VALUE FIGURE-OF-MERIT 
i 

The model for quantifying a probabilistic figure of merit 
for effectiveness can be extended to one that quantifies an 
expected-value figure of merit.  This extension is accomplished 
through appropriate modification of the capability vector. 

Instead of defining c^ in the Vector C to be the prob- 
ability of mission accomplishment, given the kth state, let 
us define c^ in the Vector C to be some value coefficient 
corresponding to performance in the kth state.  Thus, for 
State k, c^ might be the percentage of information return; 
the expected target destruction; possibly a number on a value 
scale of 0 to 10; or some other value. 

This definition of the C' vector applies directly to the 
simple model given by Equation 1 .  For the extension of the 
model to multiple performance times, this vector must be 
mission-time-dependent, i.e., of the formC (t.).  This 
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requires that the time-dependent functions c^(t.) have meaning. 
For the examples given above, the percentage of information 
return might be a figure of merit for a reconnaissance mission 
in which information is related to mission time by depth of 
penetration into enemy territory.  The expected target 
destruction might be time-dependent if a plane is to bomb more 
than one target.  These examples, of course, are by no means 
complete, since some artificiality must be introduced, for the 
discrete-parameter case. 

We then have the following equationrü/ 

2 
E(tJ) = VW JJ 

D(ti_:L,t1)c'(tj) 
1=1 

= W'bU ,tj)C'(t,),       (Equation 5) 

where E(tj) represents the expected-value figure of merit for 
effectiveness at time t^.  Assuming well-behaved functions, the 
time average of E(tj) over the mission length tm may then be 
used as an overall-effectiveness figure of merit. 

For the discrete case, 

in 

For the continuous case, 

1 

E = m X ^V'        (Equation 6) 

E =    r
tmE(T)dT.       (Equation 7) 

Zm  JO 

Note that if the value coefficient ^(t) equals 1, if 
State k belongs to the set of satisfactory states and cic(t) 
is 0 otherwise, Equations 6 and 7 represent the expected 
fraction of mission time during which the system is in a 
satisfactory state. 

W  C'(tj) in this equation is a column vector with s rows. 
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7.   QUANTIFICATION OF ELEMENTS 

This section discussss means for quantifying elements in 
the model presented for a single performance-time point, Equa- 
tion 1.  Extension to the other models is fairly direct. 

i 

7.1 Quantification of the State 
Readiness Vector, V 

Quantifying the v^  could very well involve a model much 
more complex than the effectiveness model to which it is an 
input.  If we consider the V vector as one composed of steady- 
state probabilities,i/the well-known formula for availability 
or readiness can be used.  It is expressed by the equation 

A -   MTBF ,_   ..   os A = MTBF + MDT ' (Equation 8) 

where MTBF is mean time between failures and MDT is mean down 
time.  If we assume complete independence both during main- 
tenance and during flight, we have 

v1   = A1A£ 

v2  = A^l  -  A2) 
v3  =   (1   -  Ai)A2 

v4  =   (1  -  Ajd  - ■   A   ), 

where A^ is the availability of the i^h unit (i = a or b). 

There exist, of course, much more complex models for 
quantifying the system state-readiness parameters.  These 
models may involve such disciplines as queuing theory, inven- 
tory theory, renewal theory, and Markov processes.  If the 
steady-state situation is assumed to hold, one can use reli- 
ability theory to estimate MTBF's, and the above disciplines 
to estimate MDT's at the system level for which the independ- 
ence assumption holds.   It is also possible that knowledge of 
the interdependencies at a particular system level will indicate 
the appropriate combination of unit-availability parameters, 
thus obviating the need for the assumption of independence. 

3/ The term steady state refers to the limiting probability 
distribution of a Markov process in which the distribution 
is independent of initial conditions. 
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It is emphasized, however, that the readiness vector is 
generally dependent on the D and W matrices as shown by the 
general Markovian equation 

P(tn) = P(ti)P(ti,tn) (Equation 9) 

where P{tj_) is an unconditional probability vector and P(tj_,tn) 
is a transition probability matrix.  P(tn) corresponds to 
the vector at calendar time tn and P(tj_,tn) is some function of 
the W and D matrices. 

To view this dependence more directly, assume that we are 
considering states only at the system level; thus two states 
are possible at the beginning of a mission:  success, S, or 
failure, F.  The following matrices are defined: 

V = = [V "f] 

D = Dss Dsf 
Df s DTf 

w = "ws 0 1 
0       v» 

L         U 
— c 

s 
_cf^ • 

The subscript s corresponds to success, and the subscript f 
corresponds to failure.  Stationary transition probabilities 
corresponding to a constant mission length are assumed for 
elements in the D matrix. 

Assume that missions are scheduled to take place at 
calendar times t^, t2t•••»tm,..., which are independent of 
previous system performance.  It is now desired to obtain the 
vector V for a particular mission.  [Since Vf = 1 - vs, we 
actually need only find the probability that at the beginning 
of the m*-'1 mission (time tm)  the system is in a successful 
state.] 

The dependencies now become obvious.  Whether the system 
is successful at cm depends on whether it failed during the 
previous mission.  If- it failed, the repair capability is 
introduced.  Whether it failed during the previous mission is 
a function of its state at time t m-1 etc. 

To obtain the state-readiness vector at the beginning of 
the m^h mission, Equation 9 can be used if a transition- 
probability matrix, P(trn_i,tm), can be obtained, where the 
transition occurs from the beginning of the (m - l)5^ mission 
to the beginning of the mth mission.  This matrix is obtainable 
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from the W and D matrices, with the addition of the following 
definition: 

Let 7 = probability that maintenance will restore 
a failed system to a successful state. 

Note that in the transition matrix that follows, since W 
and D are assumed to be stationary transition mechanisms and 7 
is not a function of time, P is also a stationary transition 
matrix: 

+(l-ws) 

+(l-wf)7 +(l-wf)(l-7) 

If the initial condition at t-^   is V(t^) = [p, q], where 
q = 1 - p, from Equation 9 we have 

v(t2) = vCtJpCv, t2) 

= [P, q] 

p    p rss  rsf 

p      p L fs   ff_ 

and, 

v(t3) = v(t2)p(t2, t3) 

= [Pf«« + qW pp
Rf + qPff] ss fs'  ysf 

p       p rss    sf 

p       p fs rff 

and the recursion is established. 

Since we are considering a finite transition matrix with 
stationary transition probabilities, we can employ the equation 

II = np(t,t+A), 5^= i.o 
1 

Equation 10) 

to obtain the steady-state vector or stationary distribution 
of the system states at mission start time.  Let Trs and 
TTf represent the steady-state probabilities of the success and 
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failure states,   respectively.     Then,   from Equation 10, 

(a) Trs  = Trs  pss  + 7rf Pfs, 

and 

(b) 7rf = 7rs  psf  + Trf  Pff. 

Since Tf = 1 - 'TB,  we have, from (a) 

^s = ^s pss + pfs - ^s pfs» 

or 
PJ: 

TT. =  Ü  (Equation 11) 
Psf + Pfs 

and 

TTr = — 

PSf 
Psf + Pfs (Equation 12) 

7rs and 7r£ can then be expressed in terms of 7 and^the elements 

of the W and D matrices. 

Note that Equations 11 and 12 hold for any system for 
which the stationary transition mechanism exists and for which 
the S-F classification is made. The quantification of the 
transition probabilities will, of course, vary for different 
systems and missions. 

It is possible to employ similar techniques at the unit 
level.  However, as the number of units increases, the number 
of system states increases geometrically and mathematical and 
computational complexity becomes a serious problem. One 
-approach often employed is to use simulation models in con- 
junction with inputs obtained through lower level analytical 
models to obtain the state readiness vector. 

7.2 Quantification of the Mission- 
Readiness Matrix, W 

The elements, w^, in the mission-readiness matrix are the 
conditional probabilities of using the system for a particular 
mission if the system is in the i*^ state.  Thus, unlike the 
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v^, which are independent of the next mission to be performed 
(the vi might depend on the previous missions), the w^ are 
generally dependent on the next mission. 

Secondly, the w^ elements depend on the maintenance and 
checkout procedures and capabilities.  Normally, a plane that 
that has returned from a mission will be checked.out, and 
required maintenance will be performed. ■ It is possible, for 
example, that a plane which has successfully completed a mission 
will experience an equipment failure during landing; this fail- 
ure would classify the system in an unacceptable state (the 
corresponding w^ = 0).  Because of the previously successful 
mission, however, perhaps only cursory maintenance functions 
are performed and the equipment failure remains undetected. 
Then the plane is incorrectly though to be in an acceptable 
state. 

These two major factors, mission dependence and the main- 
tenance and checkout capabilities, lead to the following 
mathematical decomposition of the elements of the W matrix: 

w. = P[use system [State 1] 

= V P[use system j think State j] P [think State J [State 1] . 

J (Equation 13) 

The first conditional probability under the summation is 
primarily dependent on the mission to be performed, while the 
second is primarily dependent on maintenance and checkout 
capabilities. - 

7.3 Quantification of the State- 
Transition Matrix, D 

It is first noted that for the basic model under consid- 
eration, the D matrix represents state transition during the 
mission.  As shown in Section 7.1, the D matrix is just one 
of the inputs for obtaining the state-transition matrix between 
missions. 

The simplest (and not wholly unrealistic) case to consider 
under the basic model is to assume that no in-flight repairs 
or, more generally, no restorations öf failed units to success- 
ful states are possible.  Then the in-flight state transitions 
are wholly dependent on the reliability parameter.  A transi- 
tion from a state with k failed units can be made only to 
states with (k +1) or more failed units. 
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For computational purposes, the following scheme for 
assigning state numbers is suggested: 

Represent a state by a code consisting of O's and 1's, 
where 0 represents unit failure and 1 represents unit success. 
Thus, 101 represents the system state:  Unit 1 successful, 
Unit 2 failed, and Unit 3 successful.  These system-state codes 
are then equivalent to binary numbers, and the system-state 
numbers to be assigned-are then the equivalent decimal numbers 
plus one, so that the last state number equals the number of 
states.  Thus, if there are three units, there are 23 = 8 
system states, and the state codes and numbers are as follows: 

State  State   State  State 
Code Numb 

1 

er Code Numb 

5 

er 

000 100 

001 2 101 6 

010 3 110 7 
on 4 111 8 

The reason for this particular scheme is that for the 
assumption of no in-flight repairs, the R matrix is triangular 
-- a computationally useful property, since all elements above 
the diagonal are zero.  The triangular matrix occurs because 
it is not possible to go from State i to State j for i < j, 
since such transition would presume that a failed unit was 
restored to operating condition either through repair or some 
intermittency condition.  Note that zero-valued elements will 
also appear below the diagonal.  For example, .32 in the above 
example is equal to zero since the transition from State 3 to 
State 2 involves a transition of Unit T'frotn a failed to a 
successful state. 

The elements in the D matrix, D.^j (i ^ j), are then solely 
a function of unit reliabilities.  Let D,^ equal the reliability 
of the k""1 unit for the mission length being considered, and 
D|c = 1 - Dk, the k

th unit unreliability. Then, for the above 
example, we have 
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State    1 2 3 4 5 6 7 8 

1 1 0 0 0 0 0 0 0 

2 ■.   0-3 
D 

3 0 0 0 0 0 0 

3 D2 0 D£ 0 0 0 0 0 

h DaD3 CL2D3 D2I33 D2D.3 0 0 0 0 

5 Dx 0 0 0 Di 0 0 0 

6 n^ ^lD-3 0 0 D^ IVD3 0 0 

7 DiDa 0 DiD.2 0 Di5*a 0 DaDa 0 

8j DiDaHg CfiDaDa DaD-aBa D i^aDs BiDaCb DiD2D3 D D-s-Da D-iOsOs 

* 

Exte 
normally 
affecting 
a failure 
on how mu 
required, 
continuou 
continuou 
applicabl 

nsion of this model to include in-flight repair is 
quite difficult.  In addition to the complex factors 
maintenance capability, the model must consider when 
occurs, since restoration of a failed unit will depend 

ch time is available before the unit's function is 
This type of consideration will normally involve a 

s-parameter Markov chain (time is considered as a 
s jp^rameter), and renewal-theory approaches become 
e. :P? 

TLe following are several of the more important equations 
applicable to the in-flight repair situations for a two-state 
model: 5/ 

Let 

.f(t) rit y(t 

z(t) 

time-to-failure density function of a unit 
repair-time density function 
density function for the event 

of the unit" 
density function for the event 

the unit*. 

"end of operation 

"end of repair of 

-' A good introduction to renewal theory is:  D. R. Cox, 
Renewal Theory, John Wiley and Sons, Inc., 1962. 

*' Adapted from:  Statistical Theory of Reliability, M. Zelen, 
Editor, the University of"Wisconsin Press, 1963; Chapter 1, 
"A Survey of Some Mathematical Models in the Theory- of 
Reliability," G. H. Weiss. 
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Then the following renewal equations apply, assuming operation 
at time 0: 

y(t) = f(t) + /  z(x)f(t-'c)dT   • (Equation 14) 

2(t) ^^Y^Ht^)^. (Equation 15) 
•Jo 

The expected number of failures during a mission of T 
hours is then 

ET(F) =^Ty(T)dT, (Equation 16) 

and, similarly, the expected number of completed repair 
activities is 

ET(R) =/ z(T)dT. (Equation 17) 

We can also find the probability that the system is in opera- 
tion at time t from the equation 

^(t) = D(t) +rtz( T)D(t-T)dT,    (Equation 18) 

where D(t) is the unit reliability function. 

It is interesting to note that as t-+«>, ri (t) approaches 
the availability formula, MTBF/(MTBF + MDT).  Asymptotic 
results have also been obtained for the distribution of down 
time, and exact results have been obtained for the case of 
exponential failure and repair density functions^/ These 
latter considerations are important for the expected-value 
figure of merit if the function of a unit is required con- 
tinuously, but some contribution to effectiveness will be made 
if the unit operates only intermittently. 

The applicability of the above equations will depend, of 
course, on the particular operation and background involved. 
Many references are available for quantifying failure and repair 

^/ M. Zelen, op. cit. 
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I 
density functions.  Thus, the densities y(t) and z(t) can be 
obtained, either analytically through techniques such as 
Laplace transforms, or through numerical procedures.  There 
still remains the problem of integrating the unit parameters 
into a system model; for example, an obvious problem is the 
dependence of repair capability on the number of failures. 
In-flight repair can only presume a limited maintenance cap- 
ability, and thus the repair function of a unit will be 
dependent on the state of other units. These problems will 
require a great deal of research effort. 

7.4 Quantification of the Capability 
Vector. C 

Capability is the least researched concept of the major 
factors affecting system effectiveness; thus its quantifica- 
tion is still in the early stages of development.  A basic 
approach for obtaining the capability vector is presented in 
this section. 

Capability is defined as the probability of success- 
ful mission accomplishment, given satisfactory system opera- 
tion.  This definition is appropriate if the analysis is per- 
formed at the system level, and it implies that unsatisfactory 
operation (that is, performance outside of design specifica- 
tions) cannot lead to fulfillment of mission requirements. 

In the performance of an effectiveness analysis at system 
sublevels, however, the condition of satisfactory performance 
loses  its meaning since system performance is now represented 
by system states, which are representations of particular 
combinations of unit successes and failures.  The translation 
of the capability concept to this level of analysis is 
accomplished in a straightforward manner by the introduction 
of system-stats capabilities, which represent the prob- 
ability of successful mission accomplishment when a particular 
system state exists. These probabilities are the elements c^ 
in the capability vector. 

Since the overall mission requirement is usually a vector 
of functional requirements, we shall first consider how one may 
synthesize the L elements from a decomposition of the require- 
ment vector.1/ Assume that a system is to perform a mission 
that requires accomplishmaint of m functions, e.g., power gen- 
eration, communication, and navigation. .It is noted that this 

1/ The rationale for such synthesis is presented in the 
following publication: H. Leuba, R. Boteilho, Evaluation 
of System Design Adequacy. ARINC Research Publication 
No. 267-07-5-416, December 1963. 
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decomposition is dictated to a large extent by the system level 
of the analysis.  This level, according to assumption (4), 
Section 2, wi31 depend on the capability to synthesize the 
system capability from sublevel analyses. 

Consider a functional capability matrix as shown below; 

1 

2 

Unit 

n 

Function 

2  ...  j 

11  12 
C 

c  c 
n i n 2 

•J ' 
c   c   ... c , 

SO.   22      2J 

m 

im 

2 m 

Cli Cl2 *•• C1J ••• Clm 

c      c 
nj * * * nm 

where c^j is the probability that Unit i can perform the jth 

function if it is operating within design specifications.  Note 
that from the rule given for choosing the system level we assume 
that the Qjj elements are mutually independent.  In the incorpora- 
tion of the design-adequacy concept, it is also implied that 
performance outside of design specifications cannot lead to 
function accomplishment. 

Two modes of functional operation are now considered for 
obtaining the elements in the C vector: 

Committed Mode 

Uncommitted Mode 

Only one successful unit may attempt 
to perform the function, and that 
unit is the one which has the maximum 
functional design adequacy. 

- All successful units may attempt 
to perform the function. 

Let Ak(j) represent the  capability of the system in 
State k for the j-^ function; that is A^lj) is the probability 
that the jth function will be successfully performed, given 
that the system is in State k.  Assume for State k that Units 
i^, 12».••»ip are the  successful units.  Then: 
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(a) For a function in the commlttecl mode, 
Arr(J) = max c<   *    a = 1, 2,...,p.    (Equation 19) 
K     1.. 1aJ 

(b) For a function In the uncommitted mode, 
P 

Av(J) = 1 " Tl (l - c, , 1 .        (Equation 20) 

The  capability element c^ in the vector C is then 

m 

Sc = TT Akf-^- (Equation 21) 

The differentiation between committed modes and uncommitted 
modes is quite elementary, but it does provide a basis for rbore 
realistic considerations. For example, an operational sequence 
pertaining to a particular function may involve a partially 
committed mode in the sense that a certain unit may attempt to 
perform the function, provided it is not attempting to perform 
another function. Analytical expression of A^j) for such 
sequences is cumbersome, but computer procedures for quantify- 
ing this probability can be easily developed. 

8.   CONCLUSIONS 

The model framework presented in this document does not 
represent any new concepts and, in fact, is relatively unsophis- 
ticated because of the restrictive assumptions.  It does, how- 
ever, present a point of departure for effectiveness-model 
building by incorporating in a logical manner, sub-models 
relating to dependability, availability and capability. 

Although this framework can be used to develop much more 
mathematically complex models, there is the danger that such 
models require data inputs that are presently unobtainable or 
that working the model is computationally unfeasible. While 
it is believed that the specific models presented are workable 
and, in many cases, quite valid, careful examination of the 
assumptions Is a mandatory requisite before application to a 
specific system.  The effects of any possible violation of 
assumptions must be ascertained so that numerical outputs may 
be appropriately modified. 
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Extensions of the models to more complex cases, e.g., 
continuous parameter Markov chains, non-stationary transition 
mechanisms, renewal theory approaches for treating in-flight 
repair capabilities, etc., have been indicated.  A great deal 
of theoretical research and data collection will be necessary 
before such problems can be treated practically and realistically. 
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CONCEPTS AND MODELS OF SYSTEM EFFECTIVENESS 

As~electronic weapon systems continue to evolve Into more 

and more complex structures, the search for efficient prediction 

and measurement techniques takes on added momentum.  Needed are 

foolproof methods that are easy to Implement and that allow 

management decisions to be reached with minimum'risk.  Many of 

the techniques proposed utilize mathematical models to simulate 

system performance thus allowing a quantitative as well as 

qualitative measurement and prediction to be made.  Most of 

these mathematical models suffer in that they can only approxi- 

mate the system in the real world; however, if these models have 

sufficient detail, a one to one correspondence can be approached. 

Specific models that have recently received attention are those 

characterized by Markov processes.  These models address them- 

selves to the following fundamental questions. 

(1) Is the system working? 

(2) If it is working, what is the probability that it 
will continue working throughout its mission? 

(3) Given that the system worked throughout its mission, 
what is the probability of the mission achieving 
success? 

For systems where the above questions are appropriate, it 

is possible to define each question as a probability, and the 
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product of all three defines a measure of system effectiveness. 

Formal definitions cf the above probabilities are the following: 

(1) "Availability," or "polhtwise availability," or 
"operational readiness" is the probability of the 
system being operational at any time (t). 

(2) "Reliability," or "mission reliability" is the 
probability of the system surviving an increment 
of time. 

(3) "Design capability," or "design adequacy" Is the 
probability of accomplishing the mission objective 
given that the system works throughout its mission. 

These measures may be determined either analytically (state 

space analysis) or synthetically (Monte Carlo) or by a combina- 

tion of both. 

The first technique (state space or phase space) will be 

described by presenting a case history, then developing a general 

t   model, followed by additional case histories. 

This particular approach depends on developing a framework 

of reference "state space" which characterizes the system as a 

function of the condition of its component subsystems. 

By classifying the system into a number of "states" re- 

flecting its operating condition, a "state space" is defined 

and the state of a system can be used to determine the status of 

the system at any given time.  This, classification may or may not 

describe all of subsystem states individually as "working" or 

"not working." In general. If a complete classification were 
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followed, a system having n units, each of which can be in only 

one of two possible states, the total number of possible states      > 

is 2n.  However, some of these states may be similar and there- 

fore not distinguishable.  In these cases the analysis is simpli- 

fied by restricting the number of "states" describing the system. 

Additional states may be added if the number of repair crews are 

limited.  The systems' analyst must trade off the requirement 

for Increased system knowledge resulting from a comprehensive 

listing of system states vs. a more limited classification (few 

states) which results in a mathematically tractable set of equa- 

tions.  These points are illustrated by the following case 

histories. 

Case I 

This is a system composed of three subsystems. Unit A, B, 

and C.  The configuration of these units whether they are in 

series, parallel, or in combination of both affects the system 

classification. The acceptable states depend on system configura- 

tion and function.  A number of system configurations are shown 

in Figure 1. 

Each unit is defined to have only two states, working or 

non-working.  The working state is designated by the letter 

name of the unit; the non-working state is designated by the 

letter with a bar above.  Defining system states this way, there 

are 2n combinations as shown in Figure 2, and Table -. 
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FIGURE 2 

STATE SPACE OF THREE UNIT SYSTEM 
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I                          Table   I                         1 

Tabulation of  System States   1 

||          State Status          1 

I              1 ABC 

2 A B C 

3 ABC 

1             ^ ABC 

1             5 ABC 

6 ABC             i 

7 ABC 

8 i            ABC 

Such an ordered set or array of states of a system consti- 

tutes the "state space" of the system.  Note in some systems, 

e.g. Figure la, any one unit down or any two units down may not 

be distinguished.  Therefore, states 2,   3, and 4 as well as 5j 

6,  and 7, listed in Table -, may be considered if fine detail 

is required by the analysis.  In fact, a state must be added if 

there are a limited number of repair crews, e.g., see Figure 3. 

A probability is assigned to each state i (i = 1, 2, ...,8); 

namely, the probability that the system will be in that state for 

a time duration At sometimes shortened to A.  The system is 

defined to start operation at time t^ = 0, t is a later instant ü m 
of time as  is t    +  At.     The expression t    < t ^ t    + At thus m mm 
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FIGURE 3 

TWO UNIT SYSTEM HAVING 5 STATES 
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r 
represents an interval of time, A,t In length, and occurring 

from t to t + Zit.  The expression P(i, t: tm < t < t + At) 

represents the probability that the system Is In state 1 at any 

Instant t between t and t + At.  For the sake of convenience, 

this expression will be shortened to: 

Pl(t + At) 
— 'S 

where t is an arbitrary but fixed instant in time like t 
m 

Since there are a number of ways to enter this state 

Pi(t + At) (see Figure 3)J the sum of these probabilities will 

give the probability of being in state i; that is. 

Pi(t + At) = t Ph. (t) 
h:=l 

where 

I 

P  is the probability of going from state h to 1 , 

n = 8 for the three unit system 

and double transitions are excluded. 

For this three unit system which admits repair, these 

individual single transition probabilities are calculated as 

follows.  A probability for any single transition is the product 

Of three other probabilities:  the probability that one of the 

units remains in the same state; the probability that a 2nd 

unit remains in the same state; and the probability of a 3rd 
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unit changes its state.  There are only two possible ways to 

change state:  from working to non-working (a failure) and from 

non-working to working (a repair).  There are only two possible 

ways to remain in the same state:  from working to working, and 

from non-working to non-working. 

To determine these probabilities, the failure time and 

repair time distributions must be known.  For the case being 

considered, they are exponential and have the following constant 

repair and failure rates. 

Table II 

Units Failure  Rate Repair Rate 

A AA^ ^Aij 

B 

C 

The subscripts allow "different rates to be assigned to each 

unit as a function of the state of the system and the number of 

repair crews available.  In the case being studied, the number 

of repair crews is unlimited; i.e., a repair is initiated 

immediately upon failure, and the failure rate is independent 

of the system state. 
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The transition probabilities are generated as follows: 

(1)  The probability that the system will go from state 1 
*"        to state 1 between, t and t + :.\t is the product of 

the following four probabilities. 

(a) The probability that the system is in state 1 
at t - 

Pi(t)  i = 1 

(b) The probability that A doe? not fail during the 
interval /\t - •»   N        "i 

RA(At)'= e   "AA11At ^ : /-A11At 

(c) The probability that B does not fall during the 
interval /\ t - 

RB(A t) f:i 1  -  AB11At 

(d) The probability that C does not fail during the 
interval /\ t - 

Rc(At) ^ i - Ac11At 

Thus the probability of the system remaining in state 1 is 

p1(t)(i - AAAt)(i - ABAt)(i - AcAt) 

(2)  The probability that the system will go from state 2 
to state 1 between t and t + At is the product of 
the following four probabilities. 

(a) The probability that the system is in state 2 
at t - 

P2(t) 

(b) The probability that A does not fail during the 
interval ZJ^ t - 

(i - AA21At) 

383 



(c) The probability that B does not fall during At 

(i - AB12At) 

(d) The probability that C ls'~ repaired during the 
Interval /\t  - 

A '        -/i   At        ,,   A 
1 - Mc(At) = 1 - e  C12   :y l-(l-/icl2At) 

I<I    M-pi 2 • -»^ 

This procedure Is the same for all other transition proba- 

bilities which when calculated result In the following eight 

equations. 

p^t + At) = p1(t)(i-AAAt)(i-ABAt)(i-AcAt) 

+ p2(t)(i-AA.'.t)(i-ABAt)(iucAt) 

+ p3(t)(i-AAAt)(i-AcAt)(jUBAt) 

+ p4(t)(i-ABAt)(i-AcAt)(^AAt) (i) 

p2(t + At) = p1(t)(i-AAAt)(i-ABAt)(AGAt) 

+ p2(t)(i-AAAt)(i-ABAt)(i-McAt) 

+ p6(t)(i-AAAt)(/xBAt)(i-McAt) 

+ p7(t)(/X/vAt)(i-ARAt)(i~MnAt) .7y A 

p3(t + At) = p1(t)(i-AAAt)(ABZ..t)(i-Ac/.t) 

+ p3(t)(i-AAat)(i-Ac/..t)(i-^BAt) 

+ P5("t)(MAÄt)(i-/xB/,t)(i-AcAt) 

+ p6(t)(i-AAAt)(i-/xBAt)(/icAt) 

(2) 

(3) 
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(5) 

p4(t + At) = p1(t)(A.A„t)(i-ABZ.t)(i-AcZ_t) 

+ p4(t)(i-^Ait)(i-AB^t)(i-Ac/it) 

+ p5(t)(i-MAit)(/i.BL.t)(i-Ac/..t) 

+ p?(t)(i-MA-i.t)(i-MBAt)(^c:,t)       (4) 

p5(t + At) = P3(t)(AA/.t)(i-MB..'t)(i-Acj.t) 

+ .p4(t)(i-MA/-t)(ABAt)(i-AcAt) 

+ p5(t)(i-MA/Lt)(i-MBAt)(i-AcAt) 

+ p8(t)(i-MAAt)(i-UBAt)(Mc.'..t) 

P5(t + At) = p2(t)(i-AAAt)(AB£.t)(i-/icAt) 

+ P3(t)(i-AAAt)(i-/iB.;.t)(Ac;.t) 

p6(t)(i-AA.'.t)(i-MBAt)(i-/icAt) 

+ p8(t)(/iAAt)(i-MB/lt)(i-McAt)    (6) 

p7(t + At) = P2(t)(AA./.t)(i-AB:.t)(i-Mc-t) 

+ p4(t)(i-MA.:lt)(i-ABAt)(Ac-:-t) 

p7(t)(i-MAAt)(i-ABAt)(i-McAt) 

+ p8(t)(i-MAAt)(AiBAt)(i-^c_t)    (?) 

p8(t + At) - P5(t)(i-MAAt)(i-^BAt)(AcAt) 

+ p6(t)(AA.:.t)(i-a.Bi.t)(i-UC7t) 

p7(t)(i-/iA/,t)(AB.:t)(i-Mc--t) 

+ P8(t)(i-^A.'.t)(i-^B.'t)(i-Lc:.t).  (8) 

The transitional probabilities along the diagonal are all of the 

form 
Pi(t)(l - a)(l - b)(l - c) 
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These can be expanded to separate out the P.(t) which can be 

brought over to the left side so that the general result is 

P. (t+At) - P.(t) = P. (t) j -(a+b+c) + ab + cb + ac - abcl 

and if one neglects the higher order terms and divides both 

sides by At, the result is a series of equations where the left 

side is of the general form: 

P. (t + At) - P. (t) 

At 

which is defined as the derivative of P.(t) in the llmt as 

t—>0 

P (tl - li^ Pjtt + At) - P^t) 
1  '   t-»0       ^t 

The limit taken on both sides results in the following equations 

Vt) = -(AA+AB+AC) p^t) + McP2(t) 

+ iUBP3(t) + U P4(t) (9). 

p2(t) = A^^t) - (AA+AB+Mc)P2(t) 

+ ,c.BP6(t) + MAP7(t) (10) 

p3(t) = ^(t) -aA+Ac+/.B)P3(t) 

+ M/^t) + />'cp6(t) (ID 
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p4(t) = A^. 

p5(t) = AAP3 

p6(t) = ABP2 

+  ^AP8 

p7(t) = AAP2 

+ ^BP8 

P8(t)  =   ACP5 

+ McP7(t) 

+ ABP4(t) - (-A+/iB+Ac)p5(t) 

+ AcP3(t) - (AA+/iB+Mc)P6(t) 

AcP4(t) - (MA+AB+Mc)p7(t) 

+   .AAP6(t)   +   ABP7(t) 

(MA+M +/ic)p8(t) 

(12) 

(13) 

(14) 

(15) 

(16) 

As linear equations they can be written in matrix form: 
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=1 
+ ^ 

+ 
=1 
+ ^ 

n 

+ -< -< 

U 

r-1 

=t + 

=1 
+ 

B 

+ 

=1 
'< 

=1. 

=i + 

-.' 

a. 

+ 

+ -< 

+ 

^ ^ 
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§ 
or more generally as 

\ 

^T 

P2(t) 

j X,ß. 

J p (t) 

P2(t) 

P (t) 
L ri 

(18) 

|P1(t) P2(t) ... Pn(t) A,iLl ^(t) P2(t) p (t) (19) 

I 
Where A,M is defined as a Q matrix and A.Ml Ti .B Its 
transpose, 

The necessary constraints or boundary conditions required 

to solve these equations are: 

n 

i=l 
(20) 

which says that the system must be In at least one of the eight 

possible system states (this holds for all t) 
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p^o) --  1 

Pi(0) - 0   (1 = 2,3,    ...n) (21) 

This gives the initial conditions (t=0) of the system. 

If only a steady state solution is desired, then one can 

immediately set the derivatives P.(t) = 0, thus leaving a system 

of algebraic equations which can "be solved. 

To accomplish this, we omit any one of homogeneous equa- 

tions and substitute the above constraint for that equation and 

then solve this system of equations for the P.(t). 

The solution for cases of lower order systems are classical 

and are given in the literature.  A larger system of differential 

equations can be solved by the Runge-Kutta method on a computer, 

although the computer memory will place a limit on the number of 

units an analyzable system may have. 

The preceding set of equations provides the necessary 

structure for defining availability in a formal manner.  Avail- 

ability is defined as the column vector (equation 18) or the row 

vector (equation 19).  This vector contains all of the system 

component availabilities and by summing the acceptable (favor- 

able) availabilities one obtains a measure of system performance. 
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It should be noted that in computing the availability of 

the system no consideration was given beforehand to the system 

configuration.  Only upon describing all possible states of 

the system via difference equations and subsequently obtaining 

the differential equations, was consideration given to system 

configuration.  Then computation of system availability is 

found by summing up the probabilities of acceptable system 

states. 

To compute reliability, R(T), one proceeds in a similar 

manner as in the availability analysis.  However, the system 

configuration must be establishe'd beforehand since the absorbing 

states (those causing system-failure)-mu-s-t-be defined.  As pre- 

viously mentioned, once an absorbing state is reached, one 

cannot make a repair and come oat of that state; i.e., one 

remains in that state with probability 1. 

The following table lists the failed absorbing states 

corresponding to the configurations (a) - (d) in Figure 1. 
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Table m           1 

Absorbing States of Systems    | 

1  Configuration Absorbing State  ! 

(a) 

(M 
(c) 

(d) 

8 

2,3,^,5,6,7,8 

4,5,6,7,8 

5,7,8 

To illustrate this concept, we select the configuration 

(a) from Figure 1.  As can be seen from this configuration, 

the absorbing state occurs only when units A, B and C are 

failed simultaneously, which in this case would be state 8. 

Only the final matrix notation is given for this analysis and 

is given in equation (22)^ 
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'K ^ V- \~ V- V- V- K 

1- .^ .*r .pf 1A .£> • ^ •^J 

1 - 
V- V- \~ V- \- \~ V- V- 

1 -H ^ »r pf ^ £> PT ^J 

1   o o o o o o o o   1 

^ + ^ 

=1° 

"< 

^0 

+ ^ 

+ 

+ 
=1 

i 

+ 

+ ^ -y 

-< 

=1 
+ 

u 
<* 

-< 

+ -^ r-< ^< o o o o 

■. 
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As can be seen in the above transition matrix, the column 

representing the absorbing state contains all zeros.  This will 

be true for all those states that are absorbing.  The above 

equations can be solved by the method of Laplace transforms, or 

on a computer knowing the initial condition of the system.  We 

also know that 

8 

!?! Pi(t) = 1 

This example has illustrated the technique of obtaining 

a system of differential equations, both for the availability 

and reliability models. 

Since this analysis has been performed under the assumption 

that the units have only two possible states, working and non- 

working, it may be objected that this assumption places a great 

restriction on the method, since most units used in practice 

have continuous performance parameters, as opposed to the 

simple on-off type.  But this objection does not hold because 

such continuous parameters can be quantized; i.e., their ranges 

can be precisely divided and limited, so that a strict division 

between working and non-working states is obtained. 

Although an underlying exponential distribution for the 

failures and repairs have been assumed for the units in the 

system analyzed, so that A and fX  are constants, the analysis 
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can be performed as noted using other distributions and using 

other weaker assumptions to give more general cases.  (See 

J. Kielson and A. Kooharian "On Time Dependent Queuing Processes," 

Annals of Math. Stat., March i960.) 

At this point a brief explanation is presented on the 

effect of having a different number of repair crews.  In normal 

practice, an Individual repair crew for each unit of the system 

is rarely the case.  Usually one is limited to one or two repair 

crews and accordingly the transition probabilities associated 

with a repair must be modified.  To illustrate this we again 

consider a three unit system made up of Identical units (each 

with failure rate X)}   operating in active redundancy as shown 

in Figure 1 configuration (a).  We first consider the case of 

only one repair crew (with repair rate jj,).     In this case the 

system has only four states If we assume that units are 

indistinguishable.  These are: 

State 1 - all units working 

State 2 - one unit not working 

State 3 - two units not working 

State 4 - all units not working. 

The difference equations for the availability model in 

this case are: 
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P1(t + Ji)  = P1(t)  (l  - 3 Al)  + P2(t)^A (23) 

p2(t + a) = P1(t) 3AA + P2(t)   !i - (2/, +ii );..] 

+ p3(t);uA (24) 

P3(t + A) = P2(t) 2AA + p3(t)   [i - ( ;s + ii)i\] 

+ P4(t)uA (25) 

P4(t + A) = P3(t) AA   + P4(t)  (l -   /i A) (26) 

If two repair crews were available (each having repair 

rate jl ),   the difference equations would become: 

p^t + A) = P1(t) (i - 3 AA) + P2(t)MA (27) 

p2(t + A) = p^t) 3AA + P2(t)  [i - (2A + ,a)A] 
+ P3(t)   2UA (28) 

p3(t + A) = p2(t) 2AA + p3(t)   [i - ( A + 2/z)A] 
+ P4(t)   2/lA ... (29) 

p4(t + A) = P3(t)AA + p4(t) (i - 2JaA) .•   (3o) 

As can be seen, the advantage between one repair crew or 

two repair crews is when the system is in states 3 or 4.  When 

two repair crews are available and two or three units are in- 

operative, the probability of completing a repair in A is 

396 



2JU.A where with one repair crew this probability Is II A .     This 

is intuitively clear since  If two or three units have  failed 

and two repair crews are working,   the probability of completing 

a repair is  twice as great as  the probability when only one 

repair crew is available.     However,   the more repair crews one 

has  on hand for repair capability,   the greater the  idle time  of 

each.     Therefore,   there  is a certain trade-off which must be 

made both from the  standpoint of maximizing uptime and minimizing 

the  idle time  of repair crews. 

Design capability is defined as the probaoility that a systeia -will 

successfully accomplish its mission ciiven the systeia states;  tlurii'g the 

mission.    The capability of the  systeia can be directly relatnj   to the  sys- 

tem state.    For exanrple,  consider a three-unit system (i.e.,   "Ghrs-j reo.arsl 

Figure k - where the probability of detecting a target is   .9 if all three 

radars are working,   .6 if two sre working;   .5 if one is working then the 

svstera states can ue weighted as follows;   - 
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   mission Time    

FIGURE 4 

STATES OCCUPIED DURING MISSION 

State Status Design Capability 1 
Radar       | 

1 ABC ^■9 

i    2 A B C .8       j 
3 ABC .8 

4 ABC .8       | 

1   5 ABC .5 

6 ABC .5 

7 A B C .5 

1    8 
A B C 0 
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:>-en the average capability per mission would provide a 

usefu' system measure. 

In some systems such an average measure may not be use- 

ful «.ft'.* a missile where a specific lower bound on perfor- 

mance is essential to success. 

Th-: previous analysis has been made on a three-unit system. 

In theory the same mathematical analysis could be made on a 

system with n units, although if n is too large the method 

becomes computationally unwieldy.  The following analysis is 

the application of essentially the previous approach to 

a system composed of any n sub-units, so that the preceding 

analysis of the three unit system may be regarded as an illustra- 

tive example of this more generalized approach. 

General Analysis on n-Unit System 

The following discussion will formalize the procedures 

discussed above.  A mathematical model of system availability 

is developed. 

We define 

P(t) = A(t) =  Um A(t+At) - A(t)      (3!) 
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A(t) =  ^11^ P(Ät) -_li A(t)-      (34) 
t-^o v  At 

where I Is the identity (unit) matrix. 

The matrix I is required because it enables A(t) to be 

factored out of the expression. 

Define the matrix Q hy 

^ - A lim  P(At) - I (35) 
At—*0       A* 

then 

A(t) = QA(t) (36) 

We further define P(At), a matrix, as the transition 

probability; i.e., the probability of going from A(t) to 

Aft -;■ At) in time At.  Therefore: 

A(t + At) =  P(At) A(t) (32) 

Substituting equation (32) into (31) results in 

Ä(t) = A  um P(At) A(t) - A(t) (33) 

and • 
N 
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This is a set of first order linear differential equations. 

if The solution of this systfem of equations is given by: 

A(t) = A(0)eQt (37) 

r>+- 
where A(0) is the initial probability vector and e"*" is defined 

by its Taylor series.  Therefore, 

i/ 
(38) 

1 

L 
1 + Qt + (|^)  + ... A(t) = A(0) 

This result can be verified by substitution in equation (36) 

In a stationary system the rate of change of availability, 

defined by A(t), will approach zero as time Increases.  Specifi- 

cally at t =oo, A(t) = 0 and therefore from equation (36) we 

have 

0 = A(oc)Q (39) 

Thus, this steady state solution can be satisfied only if 

the matrix Q is singular; i.e., its determinant is zero. 

Additional examples of one and two unit systems further 

illustrate the above techniques. 

1/ r   1n 

eQt _ I Qt 1    may be useful for computer programs if [3 t is large, 
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Case II;  Sample Analysis of One-Unit System 

Figure 5 is a one unit system. 

R = 

Unit 1 

probability of 
unit working 

M = probability of 
repairing unit 
if not working 

One Unit System 

Figure 5 

^n This system has 2" possible states where n is the number 

of units in the system tabulated in Table IV. 

Table IV 

j  Tabulation of System States  1 
of One Jnlt System      1 

!    State Unit 

1 working   | 

1      2 failed    1 

The transition probabilities, p. ..(At), are the proba- 

bilities of being in a specific state and either remaining in 

that state or going to another.  These are given in Table 5. 
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j         Table__v       1 

1 Transition Probabilities 1 

r^^^To 
J  Prorn^-^^ 1 2   ! 

i       i Pll P12 
2 [  P21 P22 

where 

p  = the probability of being in state one and remaining 
f ^  there. 

p  = the probability of being in state one and going to 
1   state two, etc. 

Substituting the probabilities shown in Figure 5 into 

Table V results in Table VI. 
■i 

|          Table VI 

Transition Probabilities  I 

|^^\To 
!  From^^^^^ 1 2    1 

1     1 R- (1-R) 1 

1     2 M (1-M)  | 

where 

(1-R) = probability of unit failing 

(l-M) = probability of unit not being repaired. 
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If the units are independent and the chance of failure or 

repair does not depend on past history, the exponential functions 

can be used to describe the probabilities of Table'ST 

-AAt      , A 
R(/\t) = e = i - AAt (4o) 

-Mt 
M(At) = i -ß - MAt (4i) 

where 

A = failure rate 

U  = repair rate 

, -AAt 
hi = probability of zero failures in At 

l-in      = probability of at least one repair in /.\t. 

We now solve for the terms of the Q matrix from the following 

relationships: 

« - Awo l?^l -l] ^ 

therefore 

an-,   =   Alini      pll  " 1 =      lim      1-AAt-l^.A (43) 11       At -> 0      At             Atr-^ 0          gt 

c       =      lim      P21 -.      lim       MAt =  U / iih\ 42i    ^t-^o -g?      t^o ~^r    ^ [   ' 
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a  ^  11m  P12 =  lim   A. At = \ ,äc-s qi2   At->o^   At->o-^r A (45) 

a  = . Um  V22   -  1 _       11m  1-iU At -!__,.  (u6) q22   At-^O-7-7-   At—0  % ^  (46) 

The Q matrix Is therefore 

and^slnce A (t) = A(t)Q It Is possible to write the 2n linear 

differential equations with constant coefficients.  These are 

a^t) « - Aa1(t) + A--a2(t) (48) 

ä2(t) - Aa1(t) - /ia2(t) (49) 

To solve this system of first order linear differential equations, 

2/ we can make use of the Laplace transform-7and the relationship 

that a1(0) =■ 1, a2(0) = 0.  Taking Laplace transforms of equations 

(48) and (49) and denoting the Laplace transform variable by s results in 

sL(a1) - a1(0) + AL(a1) - /lL(a2) = 0        (50) 

sL(a2) - a2(0) - /vL(a1) + /_:L(a2) - 0 (51) 

•r. 
V 

2/ C. R. Wiley, Advanced Engineering Mathematics, McGraw-Hill; 
P. LeCorbelller, Matrix Analysis of Electronic Network, 
Harvard University Press. 
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Substituting the values of a1(0) and a2(0) gives 

'(a-jL-JL h /^(a-, ) - UL(a2) = 0 ^-4 

or 

isL(a2) - /..L(a1) 
J- /.'.Lfap) = 0 

(s + /JL^) - ,UL(a2) = 1 

- /M^)   + ( s + ,u.jL(a2) = 0 

(53) 

(54) 

(55) 

Making use of determinants we now solve for L(a1), and 

from the relationship a1(t) + a2(t) = 1 it is possible to obtain 

ap(t) once a1(t) has been determined. 

L(a1) 
1 
0 
T7+7T 
- /.  (s + ,t.-) 

Lfa,) = -^ 
s   + L 

s     +  s ^ + s-J, 

(s+ ;) (s + /;) - /I7 

s + a 

(56) 

(57) 

Expanding (57) in partial fractions results in 

k-, 
+ 

: S    +       '     + ^—^ ~ 

k1 (s + /s + M) + ^a8 = s + M 

^i3 + ( A + /X)ki + k2s ^ s + Z^- 

(58) 

(59) 

(60) 
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or 
k1 + k2 = 1 

( A + jJDK  =M 

therefore 

and 

( A 

therefore 

Since 

(61) 

(62) 

k =   M     and  k2 = _^L_ (63) 

,  .      -U       i_      (64) 
L(al) " ~ • + /I)s ' ( A. + M) (s + A + ^) 

-(A+MH 
/tN _   M  + Ag —  (65) 

a^t) + a2(t) = 1 

-(Ä + M)t 

,„  ,  n ftN _   A   -Aß       (66) 

The steady state availabilities are easily obtained from 

equations (65) and (66) by letting t ■—> ™ 
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a1(c-) = 
A +• i-^ 

'67) 

a9(-) = -. 
t 

A + Pi 
(68) 

Case III;  Samp-e i-nalysls of Two-Unit  System 

In this section the transition matrix Q will be determined 

and the system of linear differential equations set up.  Figure 6 

is the two unit syBvem to be considered. 

Unit No. 1 

R, = probability of unit 
No. 1 worklr,? 

M-, = probability of re- 
- pairing unit No. 1 
if not world ig 

Unit No. 2 

FU = probability of unit 
No. 2 working 

M2 = probability of re- 
pairing unit No. 2 
if not working 

Two Unit System 

Figure 6 

The system hae 2'1  possible states and are tabulated in 

Table 7  below. 
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Table VII 1 
Tabulation of  .v.ates of 'I Vo Unit zysiem   i 

State  | Unit No. 1 Unit No, 2   1 

1 
2 

1      I 
Working (0) 
Working (0) 
Failed (l) 
Failed (1) 

Working (0)  1 
Failed (1)   1 
Working (0) 
Palled (1)   1 

W3 now list the transition probabilities in Table 8 below. 

I 

Table VIII 

Transition Probabilities 

f ""^^To  | 
1 Prom,>>v. 1 2   ; 3 4 

j    i T-l 

^11 
7*1 

"12 
n 
-13 

P14  j 

1     ? P21 P22 p23 
p24 

I         3 P31 , P32 
P33 1 P34 

4 [  p4l p42 P43 p44 

where 

p., = probability of being in state one and remaining 
in state one 

V?2 =  probability of being in state three and going to 
state two, etc. 

NOTE:  It will be shown that a double transition; i.e., the 
probability of going from state four to state one in a 
small Increment of time (At) is. impossible and there- 
fore zero. 
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Substituting  the  probabilities given in ^', ., 

results  in Table IX 

To 
From 

1 

2 

3 

4 

R1R2 

R1M2 

M M^ 
1  2 

Tab Is IX; 

R1(l-R.:.) 

Rn(l-M0)    i    (1-1 

M1RC,     1    M1(l-R:>)     |     (I-'. 

M1(1"M?) 
^T 

L i 1 b C    '-.  ''. (/ J l:: 

3 4 

(1-R1)(1-R2)     j 

(1-R1)(1-M2) 

(l-M^U-R^O 

i^ We now determl^oQ from the  relationship 

Q =      lim      |p(At)   - I)j 
At—>o /^t 

Lll 

llm    (i-A1.\t)(i-Ä2At)-i 
\t —> 0 \ t 

lim       (l-Z^At)/^  '^ 
ll2 "" At->o ~t = 

Um      (A 1\t){!.2^t) 
l4l t - -> 0 t 

= -(/..l+^2) (69) 

(70) 

= 0 etc. (71) 

' '2 

The  complete Q, matrix  for this  two unit  system is given in 

equation   (72). 
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■] 

M2       -(^1+^2)        0 

it.. 0        -(■'/.+A.j 

A. U2 -il-l^^). 
\ 

The system of linear differential equations Is as 

follows: 

a2(t) 

a3(t) 

:^l+^2)ai(t) +^2a2(t) ^^(^ 0 

A2a1(t)      -(A1+M2)a2(t) 0 +A1a4(t) 

A^Ct) 0 -(M1+A2)a3(t)        +/i2ai|(t) 

0 A1a2(t) +A2a3(t)     -(At1+M2)a4rt) 

(73; 
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i 

This system of equations can be solved in a manner similar 

to that of the one unit system. 

It is also possible to solve equation (73) by considering 

the elements of the availability vector to be functions of the 

single, unit availability.  For example, in a two unit system, 

as shown below 

A 

Unit  1 

B 

Unit  2 

FIGURE 7 

Has four states as follows 

Table X 

Tabulation of System States 
Two Unit System 

1     Status State     1 

AB 

AB 

AB 

1 | 

2 I 

3 1 
4    1 
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11 

Lll 

112 

/ 

= unit A ava-Ma^. Llty 

= unlL A  nn availavi!. lity 

--- unit B a//ai Lability 

= unit B Vinavallabillty 

Then for the two unit case the probability of being in any 

one of the four states is: 

ell       "ll  L"12 
ii2   . i£ 

ir+ix. 
(A^)^ jjv  +A^-(Aa^2)t 

A-l^H-l 

)   I  '    ' 
{~+U- 

2  - all  a12   _    \ ^7 
(A^M, 

j 
)t 

A5     A5e-(A^2)t 

A1+M1 

^2        _   ^2 

iA2+^2 V^T 

a3 - all a12 =   < ]Tpr1'    A1+U1 

A, 
ai<   ~  all   a12 

) 
/i2        ^A2£-fA2 + M2H 

v2^^2 A2+/i2 

A c-(^i+^i)t;        A,        A^-'A2+^21 
2 — 

. • A^+Mj' X^+Ä^        f   j A2+/i2 A2+/i-. 

(74) 

(75) 

(76) 

(77) 
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This then is the solution for equation (73). 

This procedure can be extended to encompass more than 

two units. 

Conclusion and Summary 

System -nerformancp measures availability^ reliability^ and 

design capability have been described.  The product of these 

three parameters is a measure of system effectiveness.  This 

measure will provide management with a useful tool for 

determining: 

(1) The quantity and types of equipment required in 
a system. 

(2) The required number of repair crews. 

(3) The required number of spare parts. 

(4) The system effectiveness predicted and measured. 
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